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Abstract. Clarifier-thickener units treating ideal sus-
pensions can be modeled as an initial-value problem for
a nonconvex scalar conservation law whose flux depends
on a vector of discontinuous parameters. This problem
can be treated by the well-known Engquist-Osher scheme
if the discontinuous paremeters are discretized on a grid
staggered against that of the conserved variable. We prove
convergence of this scheme to a weak solution of the
problem and illustrate its application to the clarifier-
thickener setup by a numerical example.
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1 Introduction

The extension of Kynch’s kinematic model of sedimenta-
tion of ideal suspensions [5,12] to continuous clarification-
thickening processes leads to a nonconvex scalar conser-
vation law with discontinuous flux for the local solids
concentration as a function of depth and time. Several
authors have extended such setups to non-cylindrical
vessels [6,7,17] under the assumption that the horizon-
tal cross-sectional area S is a smooth function of the
depth z. In this paper, we assume that S(z) is only
piecewise continuous, which means that the diameter
jumps. In this case the currently available mathematical
and numerical theory breaks down. We show that these
difficulties can be overcome by employing an easily im-
plemented extension of the well-known Engquist-Osher
scheme [8]. In particular, it is proved that the scheme
converges towards a weak solution of the problem.

The model studied here is very similar to problems
of traffic low with abruptly changing road conditions
[13] and of two-phase flow in porous media with jumps
in permeability [9]. Thus, the numerical scheme studied
herein is applicable to a variety of models.
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The remainder of the paper is organized as follows.
In Section 2 we outline the mathematical model. The nu-
merical method is introduced in Section 3 and applied
to illustrate the mathematical model in Section 4. The
main result, the convergence of the scheme, is stated in
Theorem 5.1 at the beginning of Section 5 and subse-
quently proved by a sequence of lemmas.

2 Mathematical model

We consider a settling vessel with a variable horizon-
tal cross-sectional area S(x), where —1 < x < 1 is the
dimensionless depth variable, see Figure 4.1. We let x
increase downwards, and assume that x = —1 is the
overflow level, z = 0 corresponds to the feed level and
z = 1 is the discharge level. The unknown volumetric
solids concentration u is assumed to depend on height
only, v = u(z,t). Then the conservation of mass equa-
tion for the solids and the fluid is given by

S(z)us + (S(m)uvs)w =0, (2.1)
—S(@)us + (S(z)(1 - 'U/)'Uf)m =0, (2.2)

respectively, where ¢ is time and vs and v¢ are the solids
and the fluid phase velocities. The mixture flux, that is
the volume average flow velocity weighted with S(z), is
given by Q(z,t) := S(z)(uvs + (1 — w)ve). The sum of
(2.1) and (2.2) produces the continuity equation of the
mixture, ¢, = 0 for -1 <z < 0and 0 < 2 <1 and
t > 0, which implies that Q(-,t) is constant as a function
of z. Since @) only suffers a jump across the feed source
level x = 0, we get for ¢t > 0

for -1 <z <0,

2.
for 0 <z <1, (2:3)

Qe t) = 2000 = AL
Q(lat) - QR(t)

where Q1,(t) <0 and Qgr(t) > 0 are the signed volumet-

ric suspension overflow and discharge rates, respectively,

prescribed by the control of the suspension volume flows



at ¢ = —1 and = = 1. Note that we here identify a
downwards flow with a flow to the right.

We let (2.3) replace (2.2) and rewrite (2.1) in terms of
Q(z,t) and the solid-fluid relative velocity or slip velocity
vp = vg — Vg, for which a constitutive equation will be
formulated. Observing that uvs = [Q(z, t)u/S(x)]+u(l—
u)vy, and assuming for a moment that no solids enter the
vessel at = 0, we obtain from (2.1)

S(z)us + (Q(z, t)u + S(z)u(l — u)vr)x =0.

The well-known kinematic sedimentation theory [5]
is based on the assumption that v, is a function of u
only, v, = v, (u). We here express v, in terms of the so-
called Kynch batch flux density function h as v, (u) =
h(u)/(u(1 — u)), such that (2.4) takes the form

S(z)ue + (Qz, t)u + S(x)h(u)), = 0.

The function h is assumed to satisfy h(u) = 0 for u <0
Or U > Umax, Where umax is the maximum solids con-
centration, h(u) > 0 for 0 < u < Umax, K'(0) > 0 and
W (umax) < 0. For simplicity we assume (possibly after
rescaling u) that umax = 1. A common function is [5]

h(u) = veou(l —u), (2.6)

where vy, > 0 is the appropriately scaled settling ve-
locity of a single particle in an unbounded pure fluid.
For our analysis we assume that h € C?[0, 1], and that
[h"'| > 0 except for finitely many inflection points.

We assume that 0 < Spin < S(2) < Spax for z € R
and TV, (S) < oo, and that ug € L*(R) N BV(R), 0 <
uo(z) < 1 for z € R. To simplify the problem further, we
assume @, (t) = Q1 = const. and Qr(t) = Qr = const.
As in [1,2], we assume that at & = 1, the composite
flux Qru + S(z)h(u) is changed to the discharge trans-
port flux Qru, that at £ = —1, the composite flux
Qru + S(z)h(u) is changed to the overflow transport
flux Qru, and that at z = 0, a feed source is located.
Physically, we assume that the underflow and overflow
mixtures are transported away from the unit through
pipes of constant small cross-sectional areas Sg and Sy,
with Smin < S1, SR < Smax, respectively, and that the
solids and the fluid are transported away at the same
speed, such that the relative velocity v, (u) and thus h(u)
is not present for |z| > 1. A clarifier-thickener unit with
constant cross-sectional area Sg [1,2] can be modeled by
the equation us + §(u, z), = 0 with the composite flux

(2.4)

(2.5)

Voo >0, N > 1,

qaLu for x < —1,
quu + h(u) for -1 <z <0,
qru+ h(u) + (g — qr)ur  for 0 <z <1,
qru + (qu — qr)UF for z > 1,

where ¢, = Q1/So < 0 and gg = Qr/So > 0 are
the volume overflow and discharge rates, respectively,
divided by the cross-sectional area, and ur € [0, Umax]
is the concentration of the suspension fed into the unit
through the singular source at x = 0 at the volumet-
ric rate Qr = Qr — Q1. Considering now that S(z) is
allowed to vary, we obtain the conservation law

S(x)ut + g(uax)z = 0:

9(u, z) :=

z€eR t>0, (2.7)

g(u, ) :=
Qr(

U — UR) for z < —1,
Qr(u—ur)+ S(z)h(u) for -1 <z <0, (2.8)
Qr(u —ur) + S(x)h(u) for0<z <1,

Qr(u — ur) for z > 1,
together with the initial condition
u(z,0) = uo(z) € [0,Umax], = €R. (2.9)

Independently of the smoothness of g(u,-) and wug, so-
lutions of (2.7)—(2.9) generally develop discontinuities,
and so weak solutions must be sought.

Definition 2.1. A weak solution of the initial value prob-
lem (2.7)-(2.9) is a bounded function u(x,t) satisfying,
for all test functions ¢ € D(R x (0,T)) with ¢|—r =0,

/ / z)ugy + g(u, )¢, )dudt
—I-/RS(x)UU(x)(b(x

3 Numerical method

,0)dx = 0.

We define the composite flux f( ( ), u) = ( ) where
the parameter vector v(z) := (y1(x), v2(z)) is given by
L Q1 for x <0,

such that f(v,u) = y2(u—ur)+71h(u). Thus, the initial
value problem for Equation (2.7) reads

S(x)us + f(’y(ac),u)z =0, wu(z,0)=wuo(x).

To define a numerical method for (3.1), we choose Az >
0, set x; := jAx, and discretize the parameter vector -,
the initial data, and the cross sectional area by

1 Tit1 o 1 zj+l
Vjrl = A_x~/ac Y(z)dz, Uj = A_:z:/ uo(z) dz,

z]‘,%

1 Tits
Sj = E/ S(x) dz.

-4

(3.1)

For n > 0 we define the approximations according to the
explicit marching formula

U}Hl =Uj - NjA- RO ('7j+1 UL U7,
where \; := At/(S;Az), A_V; :==V; — V;_1, and

£ 00) = g | ) - [ i wian]

is the Engquist-Osher flux. Let ¢, = nAt and let x"
denote the characteristic function of [t,, t,,41) and x; the
characteristic function of [z; 1,21 1). We then define

)= ) Ulx;(@)x™ (1),

n>0 jEZ

@) =) vr1xi4 8 (@)

JEZ

(3.2)

)+ f(v,v)
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Fig. 4.1. Cross-section of a clarifier-thickener unit having
the cross-sectional area function Si(z).

4 Numerical example

To illustrate the model of continuous sedimentation in
clarifier-thickener units, we have drawn in Figure 4.1 the
cross-section of a (hypothetical) clarifier-thickener with
the cross-sectional area function S(z) = S;(z) given by

(0.14+90(z +1)2  for —1 <z < —0.9,
1 for —0.9 < z < —-0.5,
0.5 for —0.5 <2 <0
S = =7
@) =44 for 0 < z < 0.3,
- 28 (z-03)? for03<z<1,
(S = Sr =0.01 otherwise.

In Figure 4.2 we show a numerical solution using the
scheme outlined in Section 3 with ug = 0, Q1, = —0.1,
Qr = 0.1 and up = 0.4. The function h(u) is given by
(2.6) with v, = 1 and N = 5. The numerical parameters
are Az = 1/100 and A = 0.05. Note that the visual time
step in Figure 4.2 is larger than the computational.

The simulation shows that the solids initially settle
exclusively into the thickening zone (z > 0), accumulate
there and form a rising sediment. This sediment layer
breaks through the feed level and the particles entering
the clarification zone start to produce an overflow of clar-
ified suspension. The shape of the concentration surface
in the clarification zone reflects the vessel geometry, and
that there the solution becomes stationary. Furthermore,
the concentration leaving the unit increases at z = 1
and decreases at ¢ = —1 discontinuously. The system
converges to a steady state of simultaneous clarification
and thickening. We refer to [2—4] for further examples.

5 Convergence of the numerical scheme

To state the main result, we let f;F(w) := max{f,(w),0}
and f, (w) := min{ f,,(w), 0}, and assume that the ratio
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Fig. 4.2. Simulation of filling up and attaining a steady state
of the clarifier-thickener unit drawn in Figure 4.1.

At/Az is chosen so that the CFL condition

Aj Ufg(%ﬁ)|fi(%+%,U) — o (-3, U)|[ <1 Vjel

(5.1)

is satisfied. The purpose of this section is to outline the
proof of the following theorem.

Theorem 5.1. Let the approzimate solution u” be given
by the scheme of Section 3. Let A — 0 with At/Az =
const. and the CFL condition (5.1) be satisfied. Assume
that TV (ug) < oo. Then there exists a subsequence of
{u?}, still denoted by {u?}, and a function u such that
u? = w in LL (R x (0,7)) and a.e. in R x (0,T).
The limit function u is a weak solution in the sense of
Def. 2.1.

The strategy of the proof of Theorem 5.1 is similar
to the proofs found in [15,16], but some details are more
complicated here. The proof is divided into a series of
lemmas as follows. Lemma 5.1 states that the discrete
solutions u? remain uniformly bounded, that the scheme
is monotone, and that the approximate solutions are L'
Lipschitz continuous in time. Lemmas 5.2 and 5.3 lead
to a pair of discrete entropy inequalities parametrized by
the real parameter of the well-known Kruzkov entropy
pair [11]. As in [1,4,16], we establish compactness of the
sequence of approximate solutions by application of a
singular mapping ¥, which is frequently referred to as
Temple functional [14] and is defined here as

) = / | fuly )| dw. (5.2)

In Lemma 5.4 we state three basic monotonicity and
continuity properties of this functional, which in particu-
lar imply its invertibility. Proceeding in a similar way as
in [15,16], we decompose ¥ into a finite number of com-
ponents with support limited to maximal segments on
which f is a monotone function of . The construction



of this decomposition becomes rather involved here since
the flux h(u) is non-convex and a vector v of discontinu-
ous parameters is considered, and is cast into Lemma 5.5
and its proof. Utilizing the entropy inequalities derived
in Lemma 5.3, we then prove in Lemmas 5.6 and 5.7 that
each of these components of ¥ has bounded variation.

For 22 := w(~4,u?), this sequence of lemmas leads

to the 1nequa11t1es
|zA(m,t>| < max (7, 1), (5.3)
||ZA(',t1) — ||L1(]R) < C|t1 — t2|, (54)

for some constant C' independent of A, and where I" :=
[0, Smax] X [Q1., Qr]- The second inequality follows from
Lemma 5.1, and the Lipschitz continuity of ¥. By stan-
dard arguments, see, e.g., [10], it is straightforward to
show that the sequence {u }aso is compact in L, (R x
Rt). Let therefore z = lima_,0 22 and define u(z,t) =
U~ Y(y(z),z(x,t)). Following [16], we can conclude that
u is a weak solution of the initial value problem (3.1),
and hence Theorem 5.1 follows.

Lemma 5.1. If the CFL condition (5.1) is satisfied for
one time step, then the computed solutions remain in the
interval [0, 1], (5.1) holds for each succeeding time step,
and the scheme (3.2) is monotone. In addition, there
exists a constant C, independent of A, such that

S Uttt —uUps; A <> |US -

jez jez

U915, Az < CAL.
(5.5)

Proof. Formula (3.2) defines U ]-”H as a function

U;H—IZG( ]+1’U U -1 Vj+4 ”YJ——’)‘J)

The partial derivatives with respect to the conserved
variables are

0G;
0 ]il

G, . §

= ¢/\ijT(’in%aUﬁ1) >0,

NEE (v UD).

Thus U is a nondecreasing function of the conserved
variables at the lower time level if

TN fo (Y41, UP) = Nifad (7521, Uf) >0,

which holds if the CFL condition (5.1) is valid at ¢t = ¢,,.
If (5.1) holds for the initial data, i.e. for n = 0, then,
since G (-, -, Vil Vil ,A;j) is nondecreasing as a func-
tion of each of its first arguments and UY € [0,1],

0 <G,(0,0,0, Vit+i ,'yj,r,)\j)
<G( ]+15U U 177]4— a’y‘y——ﬂA])
=UMt <G(1,1, L1, o1 Ay) <

Here, we have used that Qg — @, > 0 and the inequalities

0 S Gj(0701077j+%77j—%7/\j) S QR - QL:

= (Qr — Qu)(1 + up)
< Gj(la 1711’7j+%17j7%’A]‘) <1

Proceeding inductively, it is clear that U] € [0,1] for
each n > 0, and thus (5.1) remains satisfied at each sub-
sequent time level. The scheme is monotone since U7 !
is a nondecreasing function of U7 {, U}* and U},

To prove (5.5), we rewrite (3.2) as

n+1 n
:U.;n_anfl_AA (fEO(7j+17U+17Un)
_fEO('Yj+2 U]n+1laUn 1))
=(1- )\'C’Z:F +NBE) U - U
- \BL 2( = UM + N _2(

B ? /f 'Y]+1a +1+( G)U]n-fll) df <0,

Un 1)

1

Citf = i fj('yH%,GU;‘—k(1—9)U;L_1)d920.

In view of the CFL condition (5.1), we get
_1 1
1= \CJTf + N B7f >0,
and therefore

Ut —upr < (1= N (Ch F - By

) )y = U

’-‘ '\’"‘wp—t

)\B]+1| T UM+ 0050 U, — U

Multiplying this inequality by S;, summing it over j and
multiplying the result by Az gives

S |Urtt —UnS;An < 3 U — UPYS; A
JEZ JEZ

Continuing this way by induction yields

S U - UPISjAn = At | A fFO(y,,, UL, UY))

JEZ JEZ
< At Z|fEO(’YJ‘+%aU;]+1anO) - fEO(’YjJr%anO’UJ(‘)”
JEZ
+ Z|f(’y]+%7U;]) - f(’y‘y——’UO)|

JEZ

+ 31701 U UD) = 5O (1 UL US|

JEZ
< At (2| fulllluoll By + 7118V,
which implies (5.5). [ |

In what follows, we will use the Kruzkov [11] entropy-
entropy flux pair (V F) indexed by ¢, i.e. V(u) := |u—|
and F(v,u) i= sgn(u—c)(f(,u)— f(7.0)), c € R, where
sgn(w) = w/|w| if w # 0 and sgn(0) = 0. We denote by
O(A~;) terms which sum (over j) to O(||v||pv). Fur-
thermore, we use the notation A% and A" for spatial
difference operators with respect to u only, keeping -~y
fixed. Similarly, A7 and AY denote spatial difference
operators with respect to v only with u kept fixed.



Lemma 5.2. For each ¢ € R, the entropy inequality

VP SVUF) = N ALFEO (4 Uy, U))

+2;0(Ay5), (56)

is valid, where the Engquist-Osher numerical entropy flux
is defined by

FRO(y,v,u) := = (F(v,u) + F(v,v))

1 v
—5/ sgn(w —c|fu'y, |dw.
u

N | =

(5.7)

Proof. Let a Vb := max{a,b} and a A b := min{a, b}.
With

P = U = N A FRO (o U, U,

the discrete entropy inequality

V(pith) < V(U - AA“FEO(7]+1,U]+1,U”)

is valid, since FFO(v,v,u) can be written as

FEO(y,v,u) =f*°(v,v Ve,uVe)

— 9>y, Ac,uAc). 68

Then

V(UPHY) SVUF) = AU FO(y,,1, U, UF)
—V(pj™) + V(UT.

It remains to prove V(p?™') — V(UPt") = X;0(Av;):

|V ntly V(U;l+1)| < |p;z+1

= )\j|A—fEO(’Yj+%,U}L+1,U")
_AqifEO('Yj+1:U+1:Un)|

Aj (2||f’y|| + Lu'Y) |'7j+% - '7j7%| = )‘jO(A’Yj):

where L,~ denotes the Lipschitz constant of f, with
respect to ~. |

_ U}l+1|

We now let x*(w;c) denote the characteristic func-
tion for the interval [¢, +oc), X~ (w;c) the characteris-
tic function for (—oo,c]. We will also use the notation
ay = max{a,0}, a_ = min{a, 0}.

Lemma 5.3. For any constant ¢ € R and for all j € Z
the following inequalities hold:

:I:l

AJ (Up - U;l_l)i+O(A7j).

Proof. The following two identities are proved in [16]:
1 u n u n
E[A_FEO(’YH-%a 1, Uj ) £ AL fEO('Y]+1aU+1aU )]

Uia
= :I:/ Xi(u;c)f;('yj_i_%,u) du (5.10)

n

vy
i/ X (s ) i (V)41 ) du.
Uj_1

Using Lemma 5.2, we find that

1
AYFPO (3,41, UF U < — (V]

X — V") 4+ 0(4y;)

< r|U;l—U]."+1| + 0(A7;). (5.11)
J

Since fFO is Lipschitz continuous in v, we have

Ang0(7j+1,U+1,U”)
= A_fP0(41. U1, UF) + O(A)).

The marching formula (3.2) then implies that

]' n n
— (U} = UMY + O(A;).

A’ifEO('ijr%, ]+1:Un) = s
j

(5.12)

Adding (5.12) to (5.11), dividing by two, and using (5.10)

with “+” we obtain (5.9) with “+”. Similarly, subtract-

ing (5.12) from (5.11), dividing by two and using (5.10)

with “—” we obtain (5.9) with “—”. n

The singular mapping ¥ defined in (5.2) will be used
to transform the numerical approximations u? into a
sequence z2 for which compactness can be proved. To
this end we state some elementary properties of V.

Lemma 5.4. For almost all x € R, ¥(~(x),u) is a strict-
ly increasing mapping as a function of u, and ¥(~vy,u) is
Lipschitz continuous with respect to u and ~.

Proof. From the definition of f we see that

fu(v(2), 1) =2(x) + i (2)h' (u).

For |z| > 1, fu(v(z),u) = ¥2(x), which is nonzero be-
cause Q. < 0 and Qr > 0. For z € (0,1), any ze-
ros of fy(v(x),u) are isolated (with respect to u), since
v (z) > 0 and h is genuinely nonlinear. This is also true
for z € (—1,0). That ¥(~y(z),u) is strictly increasing is
now immediate. The easily verified relationships

(v, @) = (v, )| < || fullld — ul,
|2 (1,792, u) = @ (1,72, 0) | < IR11F =l
@ (71,42, u) = ¥ (1,72, 1) | < 152 — el
imply the Lipschitz continuity assertions. [ |

Our goal is now to construct a certain decomposition of
V. Let N.(0) denote an open disk of radius e centered at
the origin in the ;-2 plane, and define the set

I = ([OaSmax] X [QL,QR])\Ne(O)



Lemma 5.5. There are finitely many functions uj ()
such that

0 =ug(y) < ui(y)

and |fu(-,7)| > 0 on each interval (up (), uj ,(7v)). In
addition, each uj, depends Lipschitz continuously on the
parameter vector 7y in the sense that for any e > 0 there
is a Lipschitz constant M* such that if the line segment
joining (41,%2) to (v1,72) lies entirely within the set I,
(we refer to this as Condition L), then

IA
A
:*
IA
£

3 *

2
[

“I—‘

m—1

— 7]+ 32 — 12l)-
(5.13)

|ui (51, 92) — uj(vi, )| < ME(1%

Finally, for the discretized version of ~, each adjacent
pair of values Vi1 and Vi+d satisfies Condition L with
any value of € for which € < min(—QL, QRr, Smin).

Proof. We start by observing that for fixed - the critical
points of f(+, -) satisfy the equation vo+71h'(u) = 0. We
ignore for the moment the possibility that v; = 0, which
allows us to rewrite this as —h'(u) = 5 /7v1. This makes
it clear that for v; # 0, the critical points of f(,u) (the
solutions of f,(v,u) = 0) are located in the u-z plane at
the intersection of the graph of z = —h'(u) with the hor-
izontal line z = 75 /7. For any single horizontal line of
this type, there are only finitely many such intersections;
this is a consequence of genuine nonlinearity.

In the u-z plane, we now construct a finite number of
curves Co, ... ,Cp, as follows (see Figure 5.1): The curve
Co is just the vertical line u = 0. The definition of C;
starts with the portion of z = —h'(u) between v = 0
and the first turning point of z = —h’. If the first turn-
ing point is a maximum (minimum), we continue the
curve along the vertical half line lying above (below) the
graph of z = —h'. We also continue the curve C; along
the vertical line u = 0, choosing the upper half line or
lower half line in such a way that z is always increasing
or decreasing along C;. We then define Cs in a similar
way, connecting the first and second critical points of
z = —h/, and then continuing the curve along vertical
half lines consistent with the monotonicity of z = —h'.
Continuing this way, the final curve C,,, will be the verti-
cal line u = 1. By construction, a horizontal line of height
z intersects each curve Cy exactly once. Let v} (z) denote
the (unique) intersection at the curve Cy. It is clear that
each v} (z) is a Lipschitz continuous function of z, that
vy, < vy, and that each v} is constant for |z| sufficiently
large. More specifically, there are constants z;, < Zj,, and
v (—00), vj(+o0) such that v} (z) = vi(—o0) for z < z,
and v} (z) = v (4o00) for z > Z.

Now recalling that z = 2 /71, we define

vp(—o0)  for vo < zpm,
up(v) = Qvp(e/m) for zpy <7 <Zpm,  (5.14)
vi(+oo)  for vo > Zpm,

and observe that uj is well-defined in the closed right
half-plane {~|y; > 0}, except possibly at the origin (due
to differing radial limits). Moreover, if we exclude some

Fig. 5.1. The curves Cy, defined in the proof of Lemma 5.5.
Any horizontal line z = const. intersects each Cj. exactly once.

neighborhood N,(0) of the origin, uj(y) inherits Lip-
schitz continuity from v (2). Indeed, given y and 4 such
that the line segment connecting them lies in I%, if we
integrate the gradient of uj, along that line segment, we
get the Lipschitz estimate (5.13).

For each (relevant) value of 4, define the following
intervals, whose endpoints depend on ~:

:Z’-k?(')l) = [UZ(7),UZ+1(’)’)), kZO, 7m_1'

By construction, the union of these intervals equals [0, 1],
and each of these intervals has Lipschitz continous length
as long as the line segment joining the endpoints lies in
I'.. It is clear that by construction, there are no zeros of
fu in the interior of 7; (which may be empty), and so
fu is strictly monotone in the interior of Zj.

We only have to check that V-1 and ; 41 satisfy

Condition L. Note first that we always have (with the
notation v, 1 =t (vj+1,1,%+1,2)) @ < 712 < Qr
and Qr < 7yj412 < QR If the intervals I;_1 and Ijvy
lie entirely within (— 1), then Spmin < Yj-11 < Smax
and Spmin < ¥j411 < Smax Therefore, if € < Smm, Con-
dition L is satisfied. If the intervals Ij,l and I;;1 lie
entirely within (—oo,0), then Condition L is satisfied if
€ < —Qr. Similarly, 1f the intervals I],% and I;; 1 lie en-
tirely within (0, c0), then Condition L is satisfied as long
as € < Qr. Since any pair of intervals [;_ 1, I;; L satisfies
one of these three conditions, the proof is complete. W

Letting x(w; Z(v)) denote the characteristic function
of Z(y), we can now write down the decomposition of ¥:

W =3 [ xws T )| fulrow)]| duw
;;J/O X(w; Te (7))| fu (v, 0)|
=y 0k (y,u)

k=0

Since f, is Lipschitz continuous in <, and the end-
points of each Zj (%) are Lipschitz continuous if Condi-
tion L is satisfied, we have

|LT/’“ (%, u) =

{‘ (w; Zr (4 x (w; Ti (v “fu



+ x(w; Zi (v ‘Ifu% )| = | fu(F,w) |‘}

<My -7

for some constant M depending only on f, and hence
Wk is Lipschitz continuous in ~ as long as Condition L
is satisfied.

For a fixed i € {0,...,m}, let PL (Ni) denote those
integers k, 1 < k < m, such that f, > 0 (< 0) in the
interval Z;. Similarly, we let PL (N) denote those inte-
gers k, k < i < m, such that f, > 0 (< 0) on Z. With
these definitions, we can state the following lemma:

Lemma 5.6. For each i € {0,...,
of inequalities holds:

- Z Ay ot (Vj+1,U7") +

m} the following pair

> AT (v, U

kENY kePi
A (U” U;L“)+ + 0(Av;), (5.15)
Z Ayt (Vjr2:Ufta) = Z ATE (y;-4,UF)
kENL keP*
< —/\i (U —UM) 4+ 0(Ay)). (5.16)

J

Proof. Recalling x(u;
we find that

/Uj"+1 o (i
A

kGN’

==y, Avrt (Vs 1 Ufa) -
keEN?

i (ry2.)) = 0 for w <3 (1 3).

wi(Vir)) fu (Vjgou) du

(w; Tk (Y1) fu (Vjrou) du (5.17)

Similarly we find that

v
/n X (us
j=1

ui (Vi) o (Vjegou) du

(5.18)
= > AR (y;,1,07),
kePi
Ul
/Un X (wui(vie)) o (Vjgou) du
j ) (5.19)
- Z Alw (’yj'i'%’U]n-l-l)a
kENE
v
7% i )£ g o)
UTL
(5.20)

Z A“W’“ (’y]+1,U )
kep?

To conclude the proof we must replace the A% difference
operators by A operators. Recalling that ¥* is Lipschitz
continuous in 7, we can replace Vird with Vi1 where

required, absorbing the difference in the O(A«;) term.
Then we use (5.17) and (5.18) (with 'yjf%) in (5.9) (with
“4+7) and obtain (5.15). The inequality (5.16) is similarly
obtained from (5.19), (5.20), and (5.9) (with “=”). m

Lemma 5.7. For each k = 0,... ,m, there exists a con-
stant C* > 0, independent of A and n, such that

[ AL (o, UP)] < O
JEZ

(5.21)

Proof. From the definition of ¥* and U €[0,1], it fol-
lows that |Wk(fy]+1 UM < || full- Thus, for each J >0

S A (00| <201 (5:22)
j=—J
J
Z |A“W (’Y]_l_l,U )|
j=—
J J
=2 Z (Aiwk(')’]+l,U;l))+ Z Aiwk(q’]-}-l’U])
j=—dJ Jj=—J
J J
=2 > (AT (1, UM), = Y AL (4, U
j== j==J
J
+ Z Alwk(’hur%: ;'1-1-1) (5‘23)
j=—J
J
<2 37 (A1 vy 1. UD) , + 21l + OIsv).
j=—J
Letting J — oo, we get
| AT (v, U
JEZ
<23 (A% (v, 5. UM) , + 2l fll+ O 2v)-
JEZ
Similarly, we find that
| AT (v, 1, U] (5.24)
JEZ
< 23 QLT vy, . UD)_+ 20lfull + OAIsv)-

jez

Without loss of generality, we can assume that f, > 0
for u € Iy. By this assumption N° = @ and P° = {0},
hence (5.16) with ¢ = 0 reads

= (03, U = Py, Uf)
]' n n
<=y, =0+ 0(A).

Since the right hand side of this equation is nonnegative,
it follows that

Y (A, U)

JEZ



1
< Z r|Uj1 — U1+ O(|[¥llBv)-
jez "7
Now using (5.24) produces the estimate
u 770 n
DA (1, U]
jez

1
<2) )\_]|U71 = U7+ O(|~llBv) =: Co.

JEZ

Now we set i = 2 in (5.16), and recall that P1 = {0}

and N1 = {1}, in this case we find

AV (548, UF) + AP0 (y; 3, UTy)
1
<=5, U = Uf) -+ 0(4).

Rearranging this, we see that

D (A5 (v, U)

JEZ
u n 1 n n
< Z|A+LT/°(7,-+%,UJ' )| — N U7 -Uy)
jez I

and thus by (5.23)
| AYT (41, U] < 2C° + C° =: C.

JEZ
Continuing inductively for ¢ = 2,3,... ,m — 1, we get
i—1
DA (g U S CO 423 CF =i O,
JEZ k=0

For i = m, we use (5.15) and proceed as in the case

where ¢ = 0 to find that
S| ey U] < €0 =2 0,
jez
which concludes the proof.
Consequently, we have that
122 By
= Ay U] + | ATR U7

JEZ

<3+ O(Ivlsv).

k=0

for all £ > 0. Using this bound together with the obvious
bounds, we obtain the desired estimates (5.3) and (5.4).
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