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A conservation law with discontinuous flux modelling traffic
flow with abruptly changing road surface conditions

Raimund Biirger, Kenneth H. Karlsen, and John D. Towers

ABSTRACT. We consider a scalar conservation law with a flux that depends
discontinously on the space variable, with a focus on a simple kinematic traffic
model in which both the maximum speed and number of lanes vary abruptly.
Such a conservation law admits many L' contraction semigroups, one for each
so-called connection (A, B). Here we define entropy solutions of type (A, B)
involving Kruzkov-type entropy inequalities that can be adapted to any fixed
connection (A, B), and which imply the L' contraction property for L> so-
lutions. We outline the proof of convergence of a new difference scheme that
approximates entropy solutions of type (A, B) for any connection (A, B) if a
few parameters are varied. The scheme relies on a modification of the standard
Engquist-Osher flux. Some numerical examples are presented.

1. Introduction

We are interested in the numerical approximation of solutions to the initial
value problem for a scalar conservation law

(1.1) w+ F(x,u)y =0, (z,t) €ellp:=Rx(0,7); wu(z,0)=u(x), z€R;
(12) Fe,w) = H)f(w) + (1 — H(@))g(w),

where H(z) is the Heaviside function, such that the spatial dependence of the flux
F(x,u) is discontinuous at z = 0 if the functions f and g are different. Because
of their interesting features and numerous applications, conservation laws with dis-
continuous flux have seen great interest in recent years, see [7] for references.

In a series of papers [9, 10, 11, 13, 14], we developed a well-posedness theory
for a class of equations with discontinuous flux and constructed simple scalar dif-
ference schemes that provably converge to entropy solutions as the discretization
parameters tend to zero. These results were extended and applied to some applica-
tive models, see e.g. [6]. In the aforementioned papers, we proved the uniqueness
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of weak solutions satisfying a particular entropy condition, provided that either the
graphs of g and f do not cross, or the graph of g lies above that of f to the left of
any crossing point. In this work, we provide a Kruzkov-type entropy formulation
that does mot require this “crossing condition” to ensure uniqueness.

Adimurthi et al. [2] pointed out that (1.1) admits many L'-contractive semi-
groups of solutions, one for each so-called connection (A, B). A connection is a
particular pair of solution values satisfying the Rankine-Hugoniot (RH) condition
valid across x = 0, i.e., g(4) = f(B). This pair can be adapted to describe a
particular physical reality. We put forward a notion of entropy solutions of type
(A, B) involving distinct Kruzkov-type entropy inequalities that can be adapted to
any fixed connection (4, B) [1, 2, 6]. We prove that these entropy inequalities
imply the L! contraction property. For a fixed connection, they include a single
adapted entropy of the type presented in [3]. Our approach avoids the restrictive
“piecewise smoothness” setting of [2]. We emphasize that an entropy solution “of
type (A, B)” is, of course, in general a transient one, which is just “labeled” by
(A, B) since these parameters play a role in the solution concept.

This paper summarizes results presented in [7] combined with those of [5]. Its
main contribution is a scalar monotone difference scheme, for which we outline the
proof of convergence to entropy solutions of type (A, B) of (1.1). The scheme takes
the form of an explicit conservative marching formula on a rectangular grid, where
the numerical flux is the Engquist-Osher (EO) flux, with the exception of the cell
interface that is associated with the flux discontinuity, and for which a specific
interface flux, which is based on a novel modification of the EO flux, is used.

In this paper, we consider the equation (1.1) in the context of the Lighthill-
Whitham-Richards traffic model, where we assume that

(1.3) f(u) = vruV(u/ar), g(u) =vruV(u/av),

u is the density of cars on a one-directional highway, which is assumed to exhibit
both a change of maximum velocity and of the number of lanes at x = 0; in fact,
vy, and vR are the maximum velocities and ar, and ag are the numbers of lanes for
x < 0 and x > 0, respectively. The hindrance function z — V(2) is here assumed
to equal V(z) = (1 — 2)% for 0 < 2 < 1 and V(z) = 0 otherwise.

The case with v;, = vg, but ar, # agr has been studied extensively in [5]. Our
prime motivation to outline our general result in the present context of the traffic
model lies in the fact that varying vy, vr, ar, and ag we may produce examples of
flux crossings that do not satisfy the “crossing condition”.

2. Preliminaries

We now state the assumptions on (1.1). Let ap,ar > 0. We assume that
g € Lip(0,a)), f € Lip(0,ar)), /(0) = f(ar) = g(0) = g(ar) = 0, f has a single
maximum at u} € [0,agr], g has a single maximum at uy € [0,ar], f is strictly
increasing on (0, u}) and strictly decreasing on (u},ar), and g is strictly increasing
on (0,u}) and strictly decreasing on (uj,ar,). We assume that

(2.1) f and g are not linear on any non-degenerate interval

and that there is at most one intersection point u,, € (0, min(ar,, ar)) where f(u,) =
g(uy), and if there is such a point u,, then the graphs of f and g are assumed
to intersect transversally at u, (a flux crossing). (Figure 1 shows some possible
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configurations of f and g.) For the initial data, we assume that

(2.2) up € L[R); wup(x) € [0,a] for a.e. <0, wug(x) € [0, ar] for a.e. z > 0.
Fixing t € 7 := (0,T), we define uy := u(0%,t). As we point out below, these

traces always exist due to (2.1). Any weak solution of (1.1) will satisfy

(2.3) glu_) = f(uy) (RH condition).

It is well known that (2.3) is not sufficient to guarantee uniqueness, and so
additional conditions for a jump across x = 0 to be admissible are required. In
[10, 11] we required, in addition, the so-called weak characteristic condition to
hold, which states for a pair (u_,uy) satisfying (2.3) that

(2.4) min{0, ¢'(u_)} max{0, f'(us)} =0 if u_ # uy.
This condition requires that the characteristics lead backward toward the x-axis on
at least one side of the jump, unless u_ = uy. If u_ = uy, there is no restriction

on the characteristics. Adimurthi et al. [1] imposed the more restrictive strong
characteristic condition for a pair (u_,u,) satisfying (2.3), which demands that

(2.5) min{0, ¢'(u_)} max{0, f'(us)} = 0,

i.e., the characteristics lead backward toward the z-axis on at least one side of
the jump, including the case u_ = uy. Both entropy jump conditions, (2.4) and
(2.5), result in an L!-contractive semigroup of solutions. There are other such
L'-contractive semigroups, each associated with a different entropy jump condition
(see [2, 8]) and characterized by a so-called connection (A, B), where in the present
context a pair of states (A, B) is called a connection if g(A) = f(B), uy < A <ar
and 0 < B < uj}. Figure 1 shows some examples of (A, B)-connections. The entropy
jump condition associated with such a connection may be stated as follows.

DEFINITION 2.1. If (u_,uy) satisfies (2.3) and (A, B) is a connection, then
(u—,uy) is said to satisfy the (A, B)-characteristic condition if

(2.6) min{0, ¢'(u_)} max{0, f'(uy)} =0 if (u_,uy)# (4, B).

In Fig, 1, the plots associated with Examples 1, 2, and 3 show flux crossings.
Of those, Examples 2 and 3 satisfy the so-called crossing condition, which for our
fluxes f and g can be stated as follows: for all u,v € [0,min{ar,, ar}] such that
fu) —g(u) <0< f(v) — g(v), we have that u < v. In Example 1 shown in Fig, 1,
the flux crossing violates the crossing condition, and thus this flux configuration is
not covered by the entropy solution theory of [11]. We conjectured in [11] that our
inability to derive a uniqueness result for this configuration was most likely due to
some missing entropy condition. It now appears that this entropy condition is the
one that derives from the adapted entropy concept that we discuss below.

To state our concept of entropy solution, we need the following function, which
is associated with a fixed connection (A, B), and jumps from A to B at = = 0:

(2.7) c*B(z):= H(z)B+ (1 - H(x))A.

The function u + |u—cAB(x)| is an example of an adapted entropy [3]. Now, we say
that a function u is an entropy solution of type (A, B) of (1.1) provided it is a weak
solution, it satisfies the Kruzkov entropy condition to the left and right of z = 0,
and in addition on ITy it satisfies the following Kruzkov-type entropy inequality:

(2.8)  |u—c*B(x)]; + (sgn(u — AP (2))(F(z,u) — F(z,¢*B(x))), <0 inD.
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Condition (2.8) gives us the (A, B)-characteristic condition (2.6), cf. Lemma 3.3.

To construct approximate entropy solutions of type (A, B), we propose a sim-
ple scalar upwind difference scheme based on a modification of the EO flux. By
modifying a few parameters of the scheme, we can capture the solution associated
with any connection (A, B). The scheme is based on the standard EO flux

(2.9 PO ) = Slatum) + a(u) =5 [ )]

(for u¢ + q(u), = 0), and then, to handle the jump in the flux from g to f, we
replace (2.9) by an interface flux h4Z (see (4.3) in Sect. 4).

3. Entropy solutions of type (A, B)

DEFINITION 3.1 (Entropy solution of type (A, B)). Let (A, B) be a connection,
with ¢4 defined by (2.7). A measurable function u : [l — R is an entropy solution
of type (A, B) of (1.1) if it satisfies the following conditions:

(D.1) uwe L®(IIy); in fact, u(z,t) € [0,ay] for a.e. (z,t) € R~ x T and u(z,t) €
[0,aR] for a.e. (z,t) e RT x 7.
(D.2) For all test functions ¢ € D(R x [0,T"))

(3.1) // (upe + F(z,u)py) do dt + / ug(x)d(z,0) dx = 0.
Iy R
(D.3) For any test function 0 < ¢ € D(R x [0,7")) which vanishes for z > 0,

[ = clou +sgntu = )g(w) ~ ge)on) dadt + [ Juo ~ elo(z.0)do > 0
Ir R
and for any test function 0 < ¢ € D(R x [0,7')) which vanishes for 2 < 0,

// (lu — c|ge +sgn(u — ) (f(u) — f(c))ps) dx dt —i—/ |ug — ¢|é(x,0)dx > 0.
Tr R

(D.4) The following inequality holds for any test function 0 < ¢ € D(Ilr):
(3.2) / {Ju—cAB(x)|ps+sgn(u—cAB () (F(z,u)—F(z, B (2)))ps } dx dt > 0.
IIr

A function u : IIp — R satisfying conditions (D.1) and (D.2) is called a weak
solution of the initial value problem (1.1).

Equation (3.1) is the weak formulation of the conservation law, and it implies
the RH condition (2.3). Conditions (D.3) guarantee that the solution is a Kruzkov
entropy solution of u; + g(u), = 0 in (—o00,0) x [0,7) and of us + f(u), = 0
n (0,00) x [0,T), respectively. Finally, inequality (3.2) ultimately gives us the
(A, B)-characteristic condition (2.6), cf. part J3 of Lemma 3.3 below.

LEMMA 3.2. Let u be an entropy solution of type (A, B) of (1.1). For a.e. t €
T, the function u(-,t) has strong traces from the left and right at x = 0, i.e
the following limits exist for a.e. t € T: u(07,t) := esslimgyo u(z,t), u(0",t) :=
ess limg o u(x,t). Similarly, u has a strong trace at the initial hyperplane t = 0.
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PROOF. The first condition in (D.3) guarantees that u is an entropy solution
of uy + g(u)y = 0 on R~ x 7. This observation, along with assumption (2.1) and
a result in [12] or [15] ensure the existence of a strong trace from the left. The
existence of a strong trace from the right follows in a similar way. Finally, the
strong trace at the initial hyperplane ¢t = 0 follows along the same lines. ([l

Since the existence of strong traces is guaranteed, we now may describe the
behavior of solutions at the interface 2z = 0. The following lemma is proved in [7].

LEMMA 3.3. Let ux(t) = u(0%,t), where u is an entropy solution of type (A, B).
J1. The RH condition f(us(t)) = g(u—(t)) holds for a.e. t € T.
J2. The following entropy jump condition holds for a.e. t € T :

(3.3) sgn(u(t) = B)(f(uy(t)) — f(B)) — sgn(u-(t) — A)(g(u—(t)) — g(4)) < 0.
J3. For a.e. t € T, the following characteristic condition is satisfied:

(34)  minf0,g'(u_ (1)} max{0, f'(us ()} =0 if (u_(t), us (1)) # (4, B).

REMARK 3.4. Condition (3.4) is just the (A, B) characteristic condition (2.6).
Reference [2] uses (3.3) as the defining entropy condition at the interface. We
instead derive it from the Kruzkov-type entropy inequality (3.2). Thus, we do not
need the regularity assumption (that the solution is piecewise smooth) required in
[2], while our solution concept is otherwise equivalent to that of [2]. Moreover,
discrete versions of the entropy inequalities in Definition 3.1 enable us to prove in
a straightforward manner that approximate solutions generated by our numerical
scheme converge to entropy solutions of type (4, B).

THEOREM 3.5. Define M := max{max,¢[o,ax] | f'(v)|, maxyecp0,qa.] |9'(w)|}, and
let uw and v be two entropy solutions of type (A, B) of (1.1), with initial data ug
and vy satisfying (2.2). Then for a.e. t € T

r r+Mt
(3.5) / lu(z,t) — v(z,t)| dr < / |ug(x) — vo(x)| dx Vr > 0.

—r —r—DMt
In particular, there exists at most one entropy solution of type (A, B) of (1.1).

ProOOF. Following [11], we can establish that for any 0 < ¢ € D(Ily),

(3.6) - //H (lu = v]gpy + sgn(u — v)(F(z,u) — F(z,v))p,) dtde < E,
where F = fOT [sgn(u — v)(F(x,u) — F(z,v))]) 25T ¢(0,¢) dt and []*Z5" indicates the

limit from the right minus that from the left at 2 = 0. In [7] we prove that £ < 0
by demonstrating that the integrand of E' is non-negative for almost allt € 7. O

4. Numerical scheme

We define I;41 /o := [1j,2j11), v; = jAx, j € Z, and discretize T via t" = nAt
for n = 0,...,N, where N = |T/At] + 1, and define I" := [t" t"*1) for n =
0,...,N —1. When sending A — 0, we will keep A := % constant. Let X?+1/2 be
the characteristic function for I;,;/5 x I". We denote by UJ" the finite-difference
approximation of u(z1/2,t"), and define u®(z,t) := 2 om0 22jer Ui X1 2 (2, 1)
Our difference scheme is an explicit time-marching algorithm of the type

— 1
n+l _ rrmn n 0._
(41) []‘7 = Uj — )\A+‘Fj71/2, Uj = E Ij+1/2 UO(«I) dCC
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where we define ALV} := £(V;+1 —V;), and the numerical flux has the form

) ) gUUjy) =2 g}y )y for j <0,
(4.2) Fiape=Fiipe (Up, ) = @(Ugl, ur,) =: h’j for j =0,
f(UJ”,U;-Ll) =: f;‘fl/Q for j > 0.

Away from the interface, we use the standard EO flux (2.9) (with obvious substi-
tutions for uy,, ug and ¢). To define the interface flux h(UJ,U™,), we fix a time
level, say n, and set uy, = U", ug = UJ}'. Now let (A, B) be a connection. We
modify the EO flux (2.9) to capture the entropy solution of type (4, B) as follows:

AB *1~u g(u L F(w)] dw — " ' (w)| dw
g ) = 5 a) = 5| [P [T ),

f(u) == min{f(u), f(B)}, §(u) = min{g(u),g(A)}.

We have defined an entire class of schemes, one for each connection (A, B). Since
g € Lip([0,ar]), f € Lip([0,ar]), each of the numerical fluxes is also Lipschitz
continuous: g € Lip([0, ar]?), f € Lip([0, ar]?), h4® € Lip([0, ar] x [0, ar)).

5. Analysis of the scheme and convergence

We now establish assorted stability properties of the finite difference scheme and
prove that it converges to an entropy solution of type (A, B) as the grid size tends
to zero. We suppress dependence on the connection (A, B) to simplify notation,
but we emphasize that we are discussing an entire class of schemes, one for each
connection (A, B). In addition to (2.2), for the convergence analysis—but not in
the statement of the main result, Theorem 5.6—we assume ug € BV (R). Thanks
to Theorem 3.5 there is no loss of generality in doing so. For simplicity, we assume
moreover that ug is compactly supported, which implies that all subsequent sums
over j are finite. To deal with the general case, we can again use Theorem 3.5.

In what follows we will assume that the discretization parameters A := (Ax, At)
are chosen so that the following CFL condition holds:

(5.1) A max |f'(u)] <1, X max |¢'(u)|] <1.
u€[0,ar] u€[0,a]

The proofs of the following two lemmas rely on standard arguments, see [7].

LEMMA 5.1. The values {U'} satisfy a discrete version of ((D.1)): U € [0, aL]
for j <0, and UT € [0,ag] for j > 0. Moreover, the scheme (4.1) is monotone.

LEMMA 5.2. There exists a constant C, depending on TV (ug), but independent

of A and n, such that Axy", ., |UM —UP| < Aw ., |Uf — UP| < CAt.
To establish compactness, we a need a spatial variation bound. Let V(z)
denote the total variation of x — z(x) over [a, b]. The following lemma is essentially

Lemma 4.2 of [4], where a proof can be found.

LEMMA 5.3. Let {&1,...,&m} C R be fived. Suppose that U is genemted by an
algorithm whose incremental form is UJ"‘|rl Upr+C; +1/2A+U D7 1/2A ur,
except at a finite number of indices j with |x; — §m| < pA:z: for some m =1,. ,
where p > 0. Assume C? Ty 2 0, D? Iy 0 and C [y + D T2 < 1. Fmally,
assume that the appmmmatwns up satzsfy a time- contmuzty estimate of the form
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given in Lemma 5.2. Then for any interval [a,b] such that {1, ..., &} N[a,b] = @,
and any t € T we have a spatial variation bound of the form

(5.2) V2(uB (-, 1)) < Cla,b),
where C(a,b) is independent of A and t fort € T.

Using the incremental form of our scheme, one can then prove the following
lemma (see [7]).

LEMMA 5.4. For any interval [a,b] # 0 and any t € T we have a spatial
variation bound of the form (5.2), where C(a,b) is independent of A andt fort € T.

If the interface flux is not involved, the discrete entropy inequalities
1 — .
|U;-1‘Ir — | SNUJ =] = AA_F] o for j > 1,

(53) n+1 n Amn :
U =] < |UJ =] = AMA_GT4q )5 for j < —1

hold for any ¢ € R. Here an-i-l /2 and G;‘LH /2 are discrete entropy fluxes defined by

(5.4) Q12 =qUj 1 Ve, Ul V) —qUfy Ae, U Ne),

where Q denotes either F or G and ¢ denotes either f or g. The entropy inequalities
(5.3) with the discrete entropy flux (5.4) are standard for monotone schemes. We
discretize the function ¢AB(z) by ¢; := A for j < 0 and ¢; := B for j > 0.

In addition to (5.3), we have the following discrete “adapted” entropy inequal-
ity. Its proof is based on the Crandall-Majda argument, see [7] for details.

LEMMA 5.5. The approzimate solutions UJ' satisfy the cell entropy inequality

|UJ7”r1 — ¢ <|UP — ¢ = )\A_H;?H/Q. Here, the numerical entropy flux is given by

H?71/2 = ]:j_l/g (UJn \Y Cj, U;Ll \Y ijl) — ]:j_l/g (UJn A Cj, U;Ll A ijl)

gUrvVAUr VA —g(UrNA UM NA)  for j <0,
= h(U3VvBU"VA) —h(UyAB, U ANA)  for j =0,

fUpv B, U VB)—f(UAB, U AB) for j > 0.

We can now state our main theorem.

THEOREM 5.6. Suppose (2.1) and (2.2) hold. Let (A, B) be a connection, and
u® be defined as in Sect. 4 for the (A, B)-version of the scheme (4.1)—(4.3). Let
A — 0 with A = Az/At constant and the CFL condition (5.1) satisfied. Then
there exists a function u such that u® — w in L{ (Iz) and a.e. in Tz. The limit
function u is an entropy solution of type (A, B) of (1.1). In particular, there exists
a (unique) entropy solution of type (A, B) to the initial value problem (1.1).

SKETCH OF PROOF. We assume that ug € BV (R). The general case (2.2) then
follows from the L' contractivity (Theorem 3.5). For our approximate solutions u®
we have an L> bound (Lemma 5.1), a time continuity bound (Lemma 5.2), and a
bound on the spatial variation in any interval [a,b] # 0. By standard compactness
results, for any fixed interval [a,b] Z 0, there is a subsequence (which we do not
relabel) such that u® converges in L'([a, b] x T). Taking a countable set of intervals
la;, b;] such that |J,[ai, b;] = R\ {0}, and employing a standard diagonal process we
can extract a subsequence (which we again do not relabel) such that u® converges
in L] .(Il7) and also a.e. in II1 to some u € L>(Ily) with u(x,t) satisfying (D.1).
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u} Example 1 uy Example 2

0 025 05 075 u 1

Uy Example 3 uy =uy  Example 4

0.3} 0.3

0.2} 0.2

0.1 0.1 r

EEECAN | 0 Flu) = g(u) \Q |
0 025 05 075 u 1 0 025 05 075 u 1
FIGURE 1. Fluxes f(u) and g(u), extrema u} and uy and connec-
tion (A, B) for Examples 1 to 4. The thin horizontal line marks
the chosen connection, which limits the flux across x = 0.

0

Although not required from Definition 3.1, it follows from the time continuity
estimate (5.2) that u € C(0,T; L*(R)). Additionally, the initial data wug is taken
by w in the strong L{ . sense. The remaining parts of Definition 3.1 are verified by
several Lax-Wendroff-type calculations applied to (5.3), see [7] for details. O

6. Numerical examples

We illustrate the scheme by four examples of cases not included in our previous
work [5, 7], utilizing fluxes given by v (u) := Su(1 — Fu)? for u € [0,3], ¥(u) =0
otherwise, ¢(u) := u(1 — u)? for u € [0,1] and p(u) = 0 otherwise. The functions
1 and ¢ intersect at u, ~ 0.5377. In Example 1, we set f(u) = 9(u), g(u) =
¢(u), and choose the flux-maximizing connection (A, B) with A = uj = 3 and the
corresponding value B = (2 — v/3)/4 ~ 0.06699. (Fig. 1 illustrates the fluxes of
the examples.) In Example 1, B* = 0.5 is the endpoint of the horizontal segment
BB* which limits the flux across = 0. In Example 2, we set f(u) = ¢(u) and
g(u) = ¥(u), and choose again the flux-maximizing connection with B = u} = 3
and the corresponding values A = 0.5 and A* = 0.06699. In Example 3, we choose f
and g as in Example 2, but decide to use a connection (A, B) which limits the flux
across ¢ = 0 by g(A4) = f(B) = g(A*) = f(B*) = ¢(0.45). Finally, in Example 4
we utilize f(u) = g(u) = 1 (u), but limit the flux across © = 0 by the value ¢(0.45).
This corresponds to a connection of the type (A = B*, B = A*). In all cases we
choose the initial datum ug(z) = 1 (Example 1) and ug(z) = 0.75 (Examples 2—4)
for x € [-1,0], and ug(z) = 0 otherwise, along with Az = 1/50 and A = 0.375.

Fig. 2 (a) shows the numerical solution for Example 1, which exibits a downward-
facing jump between A and B. This solution may be compared with that of the
standard conservation law with f(u) = g(u) = ¢(u) (Fig. 2 (b)), which in terms

Wl —
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t=20.5 t=1 t=2
a)l.o - — —

UA

0.5 ~

0.5

N
0.0 \\ ' \

e) 1.0

05t =

0.5

0.04 - ——k -~
-1 0 lz2 -1 0 1lxz2 -1 0 1lx2 -1 0 1z 2
FIGURE 2. Numerical solutions for (a) Example 1, (b) f(u) =

9(u) = ¢(u), (c) Example 2, (d) f(u) = g(u) = ¢(u), () Exam-
ple 3 and (f) Example 4. The thin lines in the plots for ¢t = 0.5
mark the initial concentration.

of the traffic model shows that here the flux transition accelerates the traffic flow.
The basic idea behind Example 2 is to interchange the roles of f and g. Fig. 2 (c)
displays the numerical solution, and comparison with the case f(u) = g(u) = ¥ (u)
(Fig. 2 (d)) shows that now the change of fluxes at = 0 acts at a bottleneck.
Example 3 produces a solution (see Fig. 2 (e)) similar to Example 2, but which



10

RAIMUND BURGER, KENNETH H. KARLSEN, AND JOHN D. TOWERS

leads to solutions that have different discontinuities across x = 0. Finally, Exam-
ple 4 (Fig. 2 (f)) illustrates the effect of limiting the flux at just one single point.
Here, the solution is markedly different from Fig. 2 (d), although different numerical
fluxes are used at one single point only.
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