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Abstract

In [19] the author presented two closely related finite difference methods (FDM) for
discretizing a delta function supported on a manifold of codimension one defined
by the zero level set of a smooth mapping u : R™ — R. These methods were shown
to be consistent (meaning that they converge to the true solution as the mesh size
h — 0) in the codimension one setting.

In this paper, we concentrate on n < 3, but generalize our methods to codi-
mensions other than one - now the level set function is generally a vector valued
mapping @ : R® — R™ 1 < m < n < 3. We use the wedge product formalism to
generalize our FDM algorithms, and this approach results in accurate, often consis-
tent approximations. With the goal of ensuring consistency in general, we propose
a new gradient normalization process that is applied before our FDM algorithms.
These combined algorithms seem to be consistent in all reasonable situations, often
converging at a rate of O(h?).

In the full codimension setting (m = n), our gradient normalization processing
also improves accuracy when using more standard approximate delta functions. This
combination also yields approximations that appear to be consistent.
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1 Introduction

In this paper, we are interested in approximating two types of integrals in-
volving Dirac delta functions. The first type of integral is of the form

T= [ F@L6HE) AV da.
Am VU(Z) := Vu' (Z) A VU*(Z) A - - A VU™ (F).

(1)
(See eg., [6] for a review of wedge products.) The integral Z; is an equivalent
representation for the integral

| s@av, e)

where 7 = (2!,...,2") € R", f : R" — R, and T is a manifold of dimen-
sion 7 = n — m defined by the intersection of the zero level sets of m smooth
functions u’ : R" — R, i = 1,...,m with 1 < m < n. Here dV" denotes
r-dimensional volume. Integrals of the form Z; occur frequently when apply-
ing level set methods [11], [12], [13], [15], [20]. More specifically, one often
requires an approximation to the integral (2). What makes this computation
not completely straightforward is the fact that the integrand f and the level
function @ are typically only known at the grid points of a regular mesh. In
this situation, the representation (1) is more amenable to discretization than
the equivalent integral (2), which would require some sort of parametrization
of the manifold I'.

Problems like this also arise outside of level set applications. An example is
the task of recovering spherical harmonic amplitudes from data given on a
regular three dimensional mesh. This requires approximating a codimension
one integral of the type above, where I' is a sphere. Reference [10] gives an
interesting, and evidently quite accurate algorithm for accomplishing this.

There are two reasons why we use the somewhat technical wedge product no-
tation in (1) (and also in (6) below). First, it provides a unified representation
of several integrals that seem somewhat disparate when more standard nota-
tion is used. Second, the wedge product formalism provides us with a novel
and accurate way to discretize the delta function products that appear in (1)
and (6). We will discuss this discretization in Section 1.2, but for now we
provide more familiar representations of the formula (1) that result for n < 3.
When m = 1, with u! = u formula (1) takes the form

T = [ f(@)6u(@) |IVu(@)]| dz (3)
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When m = n, formula (1) is equivalent to
Ti= [ J(@) T, 8((@) [det V()| dF. 4)

Finally, when n = 3, m = 2 (intersection of two surfaces in R?), formula (1)
is the same as

T, = /[R @) 0 (@)8(u () |Vu (@) x VuA(@)| di. (5)

In this last formula, if f = 1, the integral Z; gives the arclength of the curve T',
and this arclength case of formula (5) can already be found in various places
in the level set literature, eg. [2].

The second type of integral that we wish to approximate is of the form
Ty = /[R @6 (ui(@)) di (6)

Integrals of type Zs occur when applying level set methods for computing
multivalued solutions to the semiclassical limit of the Schrodinger equation and
the high frequency limit of the wave equation [4], [8], [9], [14]. In this situation,
[’ will generally consist of a finite set of points I' = {Z, : v = 1,..., N}, and
the integral (6) can be written as a finite sum:

I, = 2_: f(Z,)/ |det V()] (7)

1.1 Computing observables for the Schrodinger equation

We give a very brief sketch of how integrals of type Z, arise in problems of
high frequency wave propagation, focusing on the task of computing physical
observables for the semiclassical limit of the Schrodinger equation, as presented
in [8]. For the purposes of the present paper, the problem boils down to first
solving n + 1 Cauchy problems for the linear Liouville equation

wt—l—ﬁ-Vfw—VfV(f)-Vﬁwzo (8)

for the n functions w = ¢*(Z, p, t), and the single function w = f(Z,p,t). In the
PDE (8), V(%) is a given potential, ¥ represents the spatial variables, and p'is
a vector of auxiliary variables introduced as a device to capture multivalued
solutions [7]. The initial data for the Cauchy problems (8) is

&7, 7,0) = p' — 0,:S0(T), i=1,...,n

f(Z,7,0) = po(Z), (9)



where Sy (the phase), and py (the density) are prescribed functions. Using the
solutions of (8), (9), the averaged density p and velocity components o* (these
are physical observables) can be computed via

plEt) = [ FEFDILI (@ 5 )

T(Z 1) = —= / @O T 8($(Z, 7, 0)) df, i=1,....n.
Thus at each point (7, t), each physical obervable requires the computation of
an Z, type of integral. One potential source of notational confusion is that in

the integrals appearing in (10), 7 is playing the role of a parameter, while p'is
playing the role that was played by Z in our earlier discussion, eg. (6). Also,

note that here p'— gz;(it’, P, t) is playing the role of the level function.
1.2 Discretization algorithms

We seek a discretized version of the product of delta functions appearing in the
integrals Z; and Z,, and our goal is to obtain this discretization by differencing
Heaviside functions, generalizing the approach in [19]. To this end, we start
by considering the following wedge product:

VHu')YA---AVH@W™) = H (u")--- Hu™)Vu' A--- A VU™

() ST VUl A A VU™ (11)

Taking the dot product of both sides with Vul A --- A Vu™, and then solving
for the product of delta functions gives

VHu)A--- AVH@W™) - Vul A+ A VU™
[Vul A --- A Vur|? '

S(u)---o(um™) = (12)

This is the basic formula underlying our approach - the right hand side of (12)
is what we will discretize. (See Section 6 for a translation of this and related
formulas into ones involving determinants instead of wedge products.)

To describe our approximation methods, we first discretize R"™ by defining the
mesh points

{Bc=(zh,,.2}) t ko= (ky, ... k) € 27}

of a regular grid. For simplicity of notation, we assume that the mesh spacing
h is the same in all dimensions, ZL’Z = k;h, k; € Z. If v, = v(Zx) is a function
defined at each meshpoint 7y, we define the discrete gradient operator V" via
" (v(Tx + he;) —v(Zx — hé;) )\ L
N e L (13

i=1




where {€1,...,€é,} is the standard basis for R™.

We approximate the integrals Z; and Z, using

I} = "y (@) (@ @) |An V|, T = B Y f() 0 (3 ),
keS keS

(14)
where 0"(Zy; @) is a discretized version of the delta function product T17, 6 (u’(7y)),
and S is a subset of Z" containing those indices k where f(%y) 0"(Z; @) # 0.

We can now discretize the right side of formula (12). The result is

Finite Difference Method 1 (FDM1)

hprh(, 1 hprh(ym h, 1 h, m
S () = VPH (up ) N - AV"H (u) - V u;(/\---/\V uil (15)
|Vhug A -+ A Vhul|

In (15), H"(-) represents a possibly smoothed version of the Heaviside function
H(-), with the regularization parameter depending on the mesh size h. FDM1
is a direct generalization of the Method 1 found in [19], meaning that the two
algorithms are the same if m = 1.

Examples of smoothed Heaviside functions used in (15) are

0, z <€
HY(2) = %—I—i—l—isin(”—j), —e<z<e (16)
1, e<z
with e = 1.5h and
0, z<e¢
HY(z) = {3+ (- —22=),  |z|<e (17)
1, z > €,

with € = hor2h. In many cases, FDM1 also gives acceptable results using
H(-) without any smoothing, but a small dose of smoothing generally gives
better accuracy.

The approximate Heaviside function H* is associated with the approximate
delta function §%¢ defined by

- B0 = "

0, 2] = e,

and the approximate Heaviside function H™* is associated with the linear hat



approximate delta function:

5L,E(Z) _ {é (1 —

). ld<e

|z| > e. (19)

To derive our second finite difference method, we start with the function I(z) =
Jo H(¢) d¢ = max(z#,0), and the relationship

VIu') = Hu)Vu', i=1,...,m. (20)

Taking the dot product of both sides with the vector Vu!, and solving for
H(u") gives

~ VI -Vu'

Hu') = —=—-5—

V]|

Next, we discretize (12) as in the case of FDM1, but this time we also discretize
the formula (21), which gives the following two-stage algorithm:

. i=1,...,m. (21)

Finite Difference Method 2 (FDM2)

V() - Vg,
Vil

oh (T @) = VrH  (up) A -+ AVEHR (W) - th;1< ARERWA th{{”.

[Vrul A A g

H"(uy) =1

, e, M

(22)

FDM2 is approximately a generalization of Method 2 in [19]. Note that we
use the function I in FDM2 as is, i.e., without any regularization. This is an
advantage of Method 2 - there are no parameters to specify.

We are also interested in approximate delta functions constructed as a product
of pointwise approximate delta functions:

Product of pointwise approximate delta functions (PDF)
0ppr(Ti; @) = I 07 (u' (). (23)

Here 6¢ denotes a pointwise approximate delta function such as 69 or 6%,
and € = vh, where v is some constant. For example, we usually take v = 1.5
for ¢, and v =1 or v = 2 for §%¢.

For PDF-type delta functions, it is often more effective to allow e to vary
spatially, depending on the local behavior of the level function @. For the
case where m = n, we will also consider the following local version of PDF,
proposed in [8] and [9]:



Product of pointwise approximate delta functions - local version
(PDFL)

Shprs (@i ) 1= I, 05 (u (@), e = 2max (1,

det V'ii|) b (24)

Here we are using the notation det V"4 in place of V" ui A - -+ A V™. This
is justified, since for the special case where m = n, the wedge product Vu' A
-+« A Vu" is equal to the Jacobian det V.

2 Rationale for discretizing the wedge product formulation

It is already well known that seemingly reasonable methods for approximating
codimension one integrals of type Z; may not be consistent [5], and several
methods that overcome this difficulty have been proposed [5], [16], [19]. By
consistent, we mean that the approximation converges to the true solution as
the mesh size h — 0.

To discuss the kind of difficulties that arise when the codimension is greater
than one, let us focus on the full codimension problem with m = n = 2 to
be specific, and assume that both of the level functions are signed distance

functions, whose gradients are orthogonal. In this case, the matrix V4 is or-
thogonal, |det Vi| = 1, and Z; = 7.

In one space dimension, a sufficient condition for consistency when the level
function is of the form u(x) = x — z (a signed distance function) is [1], [17]

hY " M(zju) =1+ O(R*), p>0. (25)
JEZ
There are many approximate delta functions that satisfy this property, for

example 69¢ with € = 1.5vh, 6% with € = vh, v € Z* [18]. Other examples are
provided by the one dimensional versions of the FDM1 and FDM2 algorithms.

Now consider the two-dimensional situation. Suppose that our level functions
are u($>y)’ and U($>y)’ and that 6h($j>yk;u>v) ~ 6(U($J>yk)) 6(U($j>yk)) is
a discrete approximation to the product of delta functions 6(u)d(v). In this
setting, the analog of (25) is

Y S (s v) = 1+ O(WY), > 0. (26)

JEZ keZ

This two dimensional condition seems to be much harder to satisfy than
the one-dimensional version. For example, it is natural to try to construct
6™(x;, yr; u, v) by forming a product of codimension one approximations

8", yi; u,v) = 8", yii w) 8" (5, yis; ). (27)



Unfortunately, unless it happens that u and v are aligned with the mesh, i.e.,
u=u(z), v=ov(y), oru=uy), v=ov(x),

(26) generally fails, and this approach will not be consistent, see Example 1
of Section 4. This lack of consistency may occur even if the codimension one
delta functions are FDM1 or FDM2, despite the fact they yield consistent
approximations for codimension one instances of Z;. The main source of dif-
ficulty here is misalignment of the level sets with the mesh. For codimension
one problems, lack of consistency due to this type of misalignment has been
well studied [5], [17], [18].

It is the lack of conmsistency for product type approximations of the form
(27) that leads us to discretize the wedge product formulation on the right
side of (12) rather than the more straightforward product formulation on
the left side of (12). Our numerical experiments indicate that in many cases,
this wedge product formulation does indeed give consistent approximations.
In those cases where consistency fails, it can be recovered by the gradient
normalization processing described in the next section.

3 Gradient normalization

The accuracy of most approximations to delta functions is somewhat sensitive
to the particular form of the level set function %. The best possible scenario
is to have all components u’ of the level function # satisfy the following three
conditions:

e G1 Their gradients are pairwise orthogonal.

e G2 Their gradients are aligned with the coordinate axes, i.e., perfectly
aligned with the mesh.

e G3 They are signed distance functions.

In level set applications, the first and third of these conditions are often met to
a high degree of accuracy. This is accomplished by re-orthogonalizing and re-
distancing the level set functions at regular intervals in the evolution process
[11], [3], [4], [9]. The second condition is the least likely to be satisfied because
it is difficult or impossible to enforce except in special cases. In any event, we
allow for the possibility that none of G1, G2, G3 is satisfied.

Below we propose two methods, referred to collectively as gradient normaliza-
tion, of modifying the level set function 4. We do this in such a way that the
level set I is close to stationary, but the gradient changes so that as many as
possible of G1, G2, G3 are approximately satisfied. We apply these methods



to the discrete level set function wuy before applying FDM1, FDM2, PDF, or
PDFL to compute our approximate delta function.

3.1 Full gradient normalization (FGN)

The gradient normalization method that we will discuss now is applicable when
m = n, i.e., full codimension. In R? it is possible to construct full codimension
examples where neither the PDF nor the PDFL method is consistent, even if
the level functions are signed distance functions whose zero level sets intersect
orthogonally. As explained in Section 2, this lack of consistency stems from
misalignment of the grid with the zero level sets of the functions u. In R3, we
can construct full codimension examples where not only PDF and PDFL, but
also our FDM algorithms fail to be consistent. With the additional process-
ing that we now describe, it seems that all of these algorithms are generally
consistent.

Given the level function vector uy, we compute the n x n discrete gradient
matrix V" using (13). We then replace @y by 7k and fi by gk where

fx, for 7,

28
fk/\det Vi,  for I,. (28)

'l_fk = [Vh'lfk} - ﬁk, gk = {

and then apply FDM1, FDM2, PDF, or PDFL to vx and gx. Using the fact
that @ = 0 on the level set T, it is clear that on T', V& = I,,, where I,, denotes
the n x n identity matrix. In other words, by computing v we are performing
a local realignment of the level sets with the coordinate axes.

Note that FGN processing enforces all three of G1, G2, G3 for points & lying
on I

There is a potential difficulty that must be dealt with when implementing
(28) in combination with the FDM algorithms. We generally assume that
det Vuy does not vanish for ¥ near I'. However, there may be zeros of det Vuy
located away from I'. To see the problem caused by such a zero, take the one-
dimensional case, and suppose that for some point z, u(z) > 0, but «/(z) = 0,
and that sign(v/(z)) = sign(z — ). We will have u(z)/u/(z) < 0 for = < Z,
and u(z)/u'(x) > 0 for x > z. Thus

H(u(x)/u'(z)) = H(x — %), and so %H(u(z)/u’(z)) =0(x — ).

Since our FDM algorithms are based on differencing approximate Heaviside
functions, it is not surprising that the discrete version of this mechanism can
produce spurious delta functions at points where det Vu = 0.



Fortunately, there is a simple fix for this problem. We set our approximate
delta function at 7y to zero if sign (det Vi) is not constant for all points 7
close to 7. Examples 8 and 10 in Section 4 are cases where this processing is
necessary.

The PDF and PDFL algorithms can be combined with the FGN processing
without causing any problems of the type described above.

3.2 Partial gradient normalization (PGN)

Clearly, the FGN process described above only makes sense if m = n. For
problems where n = 3, m = 2, we can still define a gradient normalization
process which makes the zero level sets of (a modified version of) @ approxi-
mately orthogonal. Our approach is based on the Gram-Schmidt method for
orthogonalizing a set of vectors. Since m = 2, there are two level set functions
u and v. In this case we start by by computing

Vg =V cu c= Vi Vo
k — Uk ks - VhUk ] VhUk’
which makes Vo approximately orthogonal to Vuy for 7k near T'.
We then normalize:
'&k = uk/\/ thk . thk, (29)

'lAJk = f;k/\/V’ka . Vh'Uk — szhuk . thk,

so that, in addition to having approximately orthogonal level sets, 4 and v are
approximately signed distance functions for & near I’

PGN enforces G1 and G3 for points Z lying on I'. The aligment requirement
G2 will not generally be satisfied.

4 Numerical Examples

In this section, we describe a number of numerical experiments. In almost all
of these examples (the exception is Example 10), the codimension is greater
than one. See [19] for numerical experiments involving FDM1 and FDM2 in
the codimension one setting.

The errors shown in the tables that follow are averages of absolute values
of relative errors. The averages are taken over a number of runs, each run
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incorporating a small random grid shift. The number of runs required to obtain
a reliable average varies from one example to another, and also from one
technique to another. To avoid repetition, we will not give the number of runs
required in each case, but simply note here that it could be as small as four
and as large as 256.

In all cases where we used FDM1 or FDM1-FGN, the underlying approximate
Heaviside function was H%¢ with € = 1.5h.

We apply the FGN processing to the PDF algorithm rather than PDFL. In
all cases, the rate of convergence of PDFL-FGN is the same as that for PDF-
FGN, except that the errors are somewhat larger. In other words, FGN works
better with the simpler PDF algorithm. For the PDF algorithm, we used 5%
wihth € = 2h, unless otherwise stated.

Finally, to simplify notation, we use (z,y) or (x,y, z) for ¥, (u,v) or (u,v,w)
for u, (¢,1) for ¢, etc.

Example 1. (n = 2, m = 2) The purpose of this test is to study the effect of
grid misalignment on approximation errors for a very simple codimension two
problem in R2 This example applies to both Z; and Z,, since they are equal
in this particular case. We take f(z,y) =1, and

u(x,y) = cos(f) - x — sin(0) -y,

,y) = sin(0) - x + cos(f) - y, (30)

[
]

with 6 € [0, 7/2]. With this setup, u and v are signed distance functions, and
their gradients are orthogonal. The true value of the integral is Z; = Z, = 1.
Our computations amount to checking the extent to which (26) is satisfied.

We tested PDF using the linear hat delta function 6%¢ with € = h, 2h, vh. We
also ran with FDM1 and FDM2. Figure 1 shows the errors as a function of 6.
For FDM1 and FDM2, the errors are near the rounding error of the computer;
gaps in the graphs indicate values of # where the averaged absolute value of
the relative error was zero. For the PDF method, the error is dependent on
the angle . When § = 0 or §# = 7/2 (zero grid misalignment), the error is
comparable to that of the FDM methods, but for intermediate values of 6,
the error is much larger. Note that these are errors that will not decrease as
h decreases, since this problem is purely linear. In other words, this example
demonstrates a lack of consistency for the PDF algorithm. Since det Vu = 1
for this problem, the € = 2h version of PDF is equivalent to PDFL, so we are
also seeing a lack of consistency for the PDFL algorithm.

Finally, although we do not show the results in Figure 1, we also tested a
product of approximate delta functions, as in (27), based on the codimen-
sion one versions of FDM1 and FDM2. The result is the same type of angle-
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Fig. 1. Example 1. Error in approximating 71 = Z» for the case of n =2, m = 2 as
a function of grid misalignment.

dependent error (implying a lack of consistency) observed for the PDF algo-
rithm. This shows the advantage of discretizing the wedge product formulation
(the right side of (12)), as opposed to simply forming a product of approximate
codimension-one delta functions (the left side of (12)).

Example 2. (n = 2, m = 2) We are approximating Z; in this example. We
take

1
U(l’,y):y—l’(l’—l), U($>y):§$2_y> f($>y):($_1)4+(y+1)2_1
Before applying the grid, we rotated all coordinates by 7 /4. The curves u =0
and v = 0 intersect at an angle of 45° at the single point (0,0) within the
computational domain [—1, 1] x [—=1,1], and f(0,0) = 1, so the exact solution
is Z; = f(0,0) = 1. Figure 2 shows how the various level curves meet at

(z,y) = (0,0).

Table 1 shows that PDFL appears not to be consistent for this problem. How-
ever, PDF-FGN appears to converge at a rate of O(h). FDM1 also converges
at a rate of a little better than O(h), and both FDM1-FGN and FDM2 seem
to converge at a rate of O(h?). The FDM2-FGN algorithm is not shown in
Table 1. For this example, it gives results very similar to FDM1-FGN.

Example 3. (n = 3, m = 3) This is a linear problem in R?, with full codimen-
sion. We are computing both Z; and Z,, since they are equal in this particular
case. In this example there are three level set functions u, v, w : R? — R!, and
with @(7) = (u(x,y, 2),v(z,y, 2),w(x,y, 2))7T,

12



Fig. 2. Example 2. The level curves © = 0 and v = 0 intersect at an angle of 45°.

Table 1
Example 2.

FDM1 FDM1-FGN FDM?2 PDFL PDF-FGN
h Error Rate Error Rate Error Rate Error Error Rate

.04 1.21e-2 7.78e—3 1.77e—-2 6.15e—2  9.00e—3
.02 3.15e-3 19 1.94e-3 2.0 4.49e—-3 2.0 6.16e—2 3.48e—3 14
.01 7.7le-4 2.0 4.86e—4 2.0 1.12e—3 2.0 5.96e—2 1.73e—-3 1.0
005 1.79e—4 2.1 1.2le—4 2.0 2.77e—4 2.0 6.18e—2 8.86e—4 .97
.0025 5.42e—5 1.7 3.03e-5 2.0 6.89e—5 2.0 6.0le—-2 4.43e—4 1.0
.00125 2.40e—5 1.2 7.59e—6 2.0 1.73e—5 2.0 6.00e—2 2.29e—4 .95
.000625 1.06e—5 1.2 1.89e—6 2.0 4.27e—6 2.0 5.89e—-2 1.17e—4 .97

where the orthogonal matrix M is defined by

0.12408589278267 —0.31264694662283 0.94172956732798
M = | 0.73918615017622 0.66227231287279 0.12247129863678 | . (31)
—0.66197169622272 0.68091649294869 0.31328294404654

The integrand is given by f(z,y,z) = 1, so the value of the integral is 1.
We first ran FDM1, FDM2, and PDF on this problem. Note that for this
linear problem with det Vi = 1, PDF and PDFL are the same. Without
FGN processing, none of FDM1, FDM2, PDF/PDFL converges to the exact
solution. Table 2 shows that there are nonzero errors. These errors persist as
we shrink the mesh, since the problem is linear. When we added the FGN
processing to FDM1, FDM2, and PDF/PDFL, all of them gave the exact
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Table 2
Example 3.

FDM1 FDMI1-FGN FDM2 FDM2-FGN PDFL PDF-FGN

h Error Error Error Error Error Error

.003125 8.1le—5 2.05e—16 1.10e—3 1.63e—16  4.45e—3  3.05e—16

Table 3
Example 4.
FDM1  FDM2 PDFL FDM1-FGN FDM2-FGN PDF-FGN
h  FError Error Error Error Rate Error Rate  Error Rate
025 9.98¢e—4 2.36e—3 2.72e—3 5.69e—4 6.38e—4 4.07e—3

.025/2 2.36e—4 2.05e—3 3.10e—3 1l.4le—4 2.0 1.58¢—4 2.0 2.40e—3
.025/4 7.83e—5 2.06e—3 3.26e—3 3.57e—5 2.0 4.00e—5 2.0 1.10e—3
.025/8 8.08¢e—5 2.08e—3 3.88¢—3 8.88¢—6 2.0 1.00e—5 2.0 5.68¢—4

.76
1.1
.95

solution to within rounding error. Since each of the level set functions u, v, w
is a signed distance function, and their level sets intersect orthogonally, we see
that the difficulty posed by the problem is purely due to grid misalignment.
The FGN processing is effective because is re-aligns the level sets with the
grid.

Example 4. (n = 3, m = 3) This is a full codimension problem in R?. We
compute Z;, but the basic results are applicable to the Z; version. In this
example, there are three level set functions u, v, w given by

u(@,y,2) =/(x —2)2+ (y — 3)2 + (= — 1) — V14,
v(z,y,2) = \/(x +1)2+ (y
w(w,y, 2) = /(z +3)2+ (y

(32)
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and f(z,y,z) = e*cos(y) cos(z). We restrict the computational domain to a
region near the origin, so that the three spherical level sets only intersect
at (z,y,z) = (0,0,0), and so Z; = f(0,0,0) = 1. Each of u, v, w is a signed
distance function. The gradients are not orthogonal, but det V(0, 0, 0) ~ .802,
so this problem is not in any way singular.

It is clear from Table 3 that none of FDM1, FDM2, PDFL converges to the
true solution for this problem. However, FDM1, FDM2, and PDF appear to
be consistent when the FGN processing is added.

Example 5. (n = 3, m = 2) We compute Z; for this codimension two problem

14



Table 4
Example 5.

FDM1-PGN FDM2-PGN PDF-PGN
h Error Rate Error Rate Error Rate

125 9.40e—-3 2.32e—-2 1.19e—-1
125/2 3.75e—-3 1.3 3.5le—3 2.7 2.73e—2 2.1
125/4 1.03e—3 1.9 6.94e—4 2.3 6.55e—3 2.1
125/8 4.71le—4 1.9 1.32e—4 2.4 1.6le-3 2.0

in R3. For this example

U(I>y>z) =Zz= 61(1 - (4I)2 - y2)>

v(@,y,2) = 2 = fall — (42)° — 4%), (33)

where 31 = 1, B2 = 1.01. The zero level sets intersect in the xy-plane in the
ellipse (42)? — y? = 1. Note that with 8, and 3, so nearly equal, the level sets
are very close to parallel. For the integrand, we used f(z,y, 2) = e (1+2%+y?),
and the value of the integral (2) is ~ 6.0417403.

We rotated all coordinates by the matrix A defined by

V3 1/V3 13
A=| 0 -1/vV2 1/V2 (34)
2/V6 —1/v6 —~1/v6

before applying the grid.

We tested FDM1, FDM2, and PDF with PGN processing. Without the PGN
processing, none of the three methods gave useful results - this is due to the
extreme collinearity of the level sets. However, as shown in Table 4, all of the
methods gave what appears to be O(h?) approximations when used with the
PGN processing.

Example 6. (n = 3, m = 2) This is another codimension two problem in R3,
and we compute Z; again. For this example

u(z,y, z) =1—(2° +y°),

v(z,y, z) = xsin(z) — y cos(z), (35)
and
B sin*(z/2 — 7/2) cos(v(x,y,2)/2), —-wT<z<m
flow2) = {0, otherwise (36)

15



Table 5
Example 6 without PGN.

FDM1 FDM2 PDF
h  Error Rate Error Rate  FError Rate
4 1.91e-2 3.73e—2 3.56e—2
2 4.25e—3 2.2 855—-3 2.1 9.21e-3 2.0

1 1.05e—3 2.0 2.15e—3 2.0 3.47¢e-3 14
.05 290e—-4 1.9 5.4le—4 2.0 2.36e—3 .56

Table 6
Example 6 with PGN.

FDM1-PGN FDM2-PGN PDF-PGN

Error Rate Error Rate Error Rate

h

4 8.14e-3 1.52e—2 2.13e—1

2 1.07e-3 2.9 1.65e—3 3.2 3.00e—2 2.8

1 2.587e—4 21 4.16e—4 2.0 6.14e—-3 2.3
.05 6.36e—5 2.0 1.0de—4 2.0 2.15e—3 1.5

We rotated all coordinates by the matrix A (defined in equation (34) above)
before applying the grid. The level set functions v and v are not signed distance
functions, but Vu and Vv are orthogonal where the zero level sets intersect.

The intersection of the two zero level sets is a pair of helices. The integral can
be computed in closed form, Z; = 3w/ V2. Tables 5 and 6 show the results of
our algorithm on this problem. It appears that all of FDM1, FDM2, FDM1-
PGN, and FDM2-PGN approximations are converging at a rate of O(h?), with
the PGN processing providing an improvement in accuracy for both FDM1
and FDM2. It is hard to tell from the results in Tables 5 and 6 whether or not
the PDF and PDF-PGN algorithms are consistent.

The PDF algorithm appears not to be consistent. It is hard to tell from our
experiments whether or not the PDF-FGN algorithm is consistent.

Finally, we also tested products of codimension one FDM1 and FDM2 algo-
rithms, as in (27), both with and without FGN processing. In each case, we
observed O(h?), convergence, but with errors larger (by a factor of 2 for the
FDM1 algorithms, and a factor of 5 for the the FDM2 algorithms) than those
shown in Tables 5 and 6 for the corresponding wedge product versions.

Example 7. (n = 3, m = 2) This is a final Z; computation of a codimension

16



Table 7
Example 7.

FDM1 FDM2 PDF
h Error Rate Error Rate Error Rate

15 1.15e—-1 1.18e—1 1.09e—1
15/2 9.10e—3 3.7 1l.4le—2 3.1 7.90e—3 3.8
15/4  2.18¢—3 2.1  3.44e—-3 2.0 283e-3 1.5
15/8 5.40e—4 2.0 8.65e—4 2.0 1.19¢e-3 1.3
15/16 1.43e—4 1.9 2.16e—4 2.0 2.37e—3 0

two problem in R3. For this example

R— |, lyl < L/2
u(w,y,2) ={ R— /2 + (y— L/,  y>L/2 ,  o(zyz) =z
R— a2+ (y+L/2?  y<-LJ2

(37)
Here L = 2, R = .12v/2. We let f(z,y, z) = exp(—z?). Before applying the
mesh, we rotate all coordinates by 45° about the z-axis. This is basically the
capsule example of [5], [17], except that we have embedded the curve in R? in
a very simple way, and added the exponential integrand f. The value of the
integral (2) is the length of the curve. For the codimension 1 version of this
problem, pointwise defined approximate delta functions such as 6¢ and §%*
are known to produce approximations to the arc length that are not consistent.

We compare FDM1, FDM2, and PDF in Table 7. For the PDF algorithm, we
used §9¢ with € = 1.5Ax. The FDM algorithms appear to be converging at a
rate of about O(h?), while the PDF algorithm does not seem to be consistent.
FGN processing does not significantly alter the results shown in Table 7,
probably because the level set functions v and v already intersect orthogonally,
and they are signed distance functions.

Example 8. (n = 2, m = 2) In this example we compute Z for a full
codimension problem in R%. We define

1
u(z,y) = —* oty v(z,y) = 5(17 cos O—ysin 0)? —(z sin O+y cos 0), (38)
where 0§ = 7/4 — 7 /128. For this example, the zero level sets intersect at the
single point (z,y) = (0,0) within the computational domain = (—.06,.06) x

(—.06,.06), and at that point the Jacobian is = cos(f) — sin(f). We take
f(z,y) = e” cosy. The value of the integral Z is

T, = £(0,0)/|det Vu(0,0)| =1/ |cosf —sind)] .

17
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Fig. 3. Example 8. Zero level sets of v and v without (a) and with (b) FGN pro-
cessing. In (b), the Jacobian vanishes along the jagged curve, potentially causing a
spurious contribution to the FDM-FGN approximate delta function at the indicated
point.

Thus the Jacobian vanishes at # = 7 /4, and with our choice of § = 7/4—7 /128,
the problem is nearly singular because the zero level sets of u and v are nearly
collinear.

In this example there is a spurious contribution to both the FDM1-FGN and
FDM2-FGN delta function due to the fact that the Jacobian vanishes along a
curve, see Figure 3. This is the potential difficulty described in Section 3.1. We
use the fix described in that section. For FDM1-FGN, we set the approximate
delta function 5;2 . equal to zero if det Vh'&:j+rr7k+s, do not all have the same sign
for =1 <r <1, —1 < s < 1. For FDM2-FGN, we perform the same check
but for =2 < r < 2, =2 < s < 2. Without these fixes, neither FDM1-FGN
nor FDM2-FGN gives useful results. The PDF-FGN algorithm is unaffected
by the vanishing Jacobian, and does not require any fix.

When used without FGN, none of FDM1, FDM2, PDF, PDFL gave useful
results - this is due to the near singularity of the problem. From Table 8, it
seems that both FDM1-FGN and PDF-FGN are converging at a rate of about
O(h). FDM2-FGN appears to be converging at a rate of about O(h?).

Example 9. (n = 2, m = 2) This is another computation of Z, for a full
codimension problem in R2. We try to model the situation near a caustic for
the two-dimensional Schrodinger problem of Example 11, see Figure 12. We
take

u(z,y) = 2>+ ar —y° — ay

39
v(:v,y)=:v3+oza:+y3—l—ay, (39)

and f(x,y) = e€” cosy. There is a single intersection point at (z,y) = (0,0), and

T, = £(0,0)/2a* = 1/2a?. For this experiment, we vary the paramter a. As «
approaches zero, the problem becomes more singular, since det V(0,0) = 2a2,

18



Table 8
Example 8.

FDMI1-FGN FDM2-FGN PDF-FGN
h Error Rate Error Rate Error Rate

.0025 1.96e—3 1.86e—3 1.57e—2
.0025/2 4.69e—4 2.1 4.6le—4 2.0 8.80e—3 .84
.0025/4 1.16e—4 2.0 1.13e—4 2.0 4.38¢—3 1.0
.0025/8 2.76e—5 2.1 2.84e—5 2.0 1.94e—3 1.2

.0025/16 7.93e—6 1.8 7.14e—6 2.0 1.13e—3 .78
.0025/32 3.58e—6 1.1 1.79e—6 2.0 5.47e—4 1.0
.0025/64 1.68e—6 1.1  4.40e—7 2.0 2.75e—4 1.0
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Fig. 4. Example 9. The level set functions u and v. Plot (a) shows a nonsingular
case, while plot (b) shows a nearly singular case.

see Figure 4. The singularity is due to the fact that the gradients Vu and Vv
become small, as opposed to the situation where the gradients are nearly
parallel (which was the case in the previous example). In fact the gradients
are orthogonal at the point of intersection for this example.

Table 9 shows the results of running with A = .01. In all cases, the accuracy
decreases as the problem becomes more singular (as « decreases). The FGN
processing significantly improves the accuracy of of both FDM1 and PDFL
for small a.. For this problem, the FDM2 algorithm seems to be slightly more
accurate without the FGN processing. For small values of o, FDM1, FDM2,
and PDFL all underestimate the true solution. When we add FGN process-
ing, they overestimate the true solution. These observations are relevant for
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Table 9
Example 9. Fixed mesh size h = 0.01. Decreasing a.

FDM1 FDM2 PDFL FDMI-FGN FDM2-FGN PDF-FGN

a Error  Error  Error Error Error Error

1 3.5e—4 b5.le—4 6.2e—3 5.0e—4 6.1e—4 4.0e—3

1/4 4.4e—3 2.0e—3 1.4e—2 2.0e—3 2.4e—3 1.6e—3

1/16 1.5e—1 8.0e—3 3.4e—1 7.9e—3 9.6e—3 6.2e—3

1/64 7.7e—1 3.1e—2 8.9e—1 3.1e—2 3.7e—2 2.8e—2

1/256 9.8e—1 1.le—1 9.9e—1 1.2e—1 1.3e—1 1.1e—1
Table 10

Example 9. Decreasing mesh size h. Fixed parameter o = 1/256.

FDM1 FDM2 PDFL FDM1-FGN FDM2-FGN PDF-FGN

h  FError Error Error Error Rate Error Rate  Error Rate
.01 9.79e—1 1.08e—1 9.90e—1 1.15e—1 1.35e—1 1.09e—1
.01/4 8.92e—1 8.03e—3 9.56e—1 7.95¢e—3 1.9 9.43e-3 1.9 6.69e—3 2.0
.01/16 8.15e—1 4.95e—4 9.37e—1 5.00e—4 2.0 5.90e—4 2.0 3.99¢e—4 2.0
.01/64 8.07e—1 3.09e—5 9.35e—1 3.13e—5 2.0 3.73e—5 2.0 243e—5 2.0

Example 11, specifically the approximations shown in Figures 9, 10, and 11.

Finally, we check for consistency in the nearly singular case o = 1/256, cor-
responding to the last row of Table 9. The results are shown in Table 10. All
of the FGN algorithms appear to be converging at a rate of O(h?), as does
FDM2. FDM1 and PDFL are possibly converging, but at a very slow rate. It
is interesting that for this nearly singular example, PDF-FGN gives the best
results.

Example 10. In this example, we are computing observables for the one
dimensional Schrodinger equation as described in Section 1.1 More specifically,
this is basically Example 6.1 of [9]. This problem has zero potential, V' = 0,
and thus referring to (8), we must solve two Liouville equations

wi + pw, =0, (40)
one for w = ¢ and one for w = f, with initial data

¢(x,0) = —sin(7x) |sin(7z)],

f(x,0) =exp (—(x _ 0.5)2) ‘ (41)

We discretize the rectangle [—1,1] x [—4,4] of x,p space, using z; = jAx,
pr = kAp, with |j| < J and |k| < K and JAz =1, KAp = 4.
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Given a time level £ > 0, we compute for each mesh point (z;, px)

¢(Ij>pk>t) = ¢($J - pktapka 0)7 f($j>pk>t) = f(zj - pktapka 0) (42)

This gives the exact solution to the the Liouville equations (40). In the general
case where V' is not so simple, one would use a finite difference scheme to
generate approximate solutions [9].

We then compute approximations p", 2" to the observables p and v:

P (@i, t) = B (@, pr, )0 (prs b2, 1)),
k

, h . (43)
v (ajjﬁt) = m ;pkf(ipjﬁpkat) (pka ¢(Ij> '>t))>

where h = Ap, and §"(py; ¢(z;,-,t)) is an approximate delta function based
on the level function p — ¢(z;, p,t). In other words, for a fixed time ¢, and a
fixed x-gridpoint z;, we compute a 1-dimensional approximate delta function
algorithm in the p-dimension.

The computations were done with Az = .01, Ap = .02, and the plots in
Figures 5 and 6 show the solutions at time ¢t = .625. In Figure 5, plots (a) and
(b) show the results using FDM1-FGN. Plots (c¢) and (d) show the results with
FDM2. Plots (e) and (f) show FDM1-FGN with a refined mesh, Az = .0025,
Ap = .0050.

When we apply FDM1-FGN to this problem, the difficulty described in Sec-
tion 3.1 arises because 0,¢ has numerous zeros. If we use FDM1-FGN with-
out some sort of fix, the result is unusable due to spurious contributions to
the approximate delta function. The specific fix that we used was to set the
FDMI1-FGN approximate delta function at (z;,px) equal to zero if the differ-
ences ¢(z;, pr+1) — ¢(xj, pr) and ¢(x;, pr) — ¢(x;, pr—1) do not have the same
sign.

Figure 6 shows the results with PDFL and PDF-FGN. Plots (e) and (f) show
PDFL with a refined mesh, Az = .0025, Ap = .0050.

Example 11. This experiment is based on example 6.3 of [9]. The setup is
that of Section 1.1 with n = 2. We use the notation ¥ = (x,y), ¥ = (p,q),

¢ = (¢,1). For this problem, the potential is quadratic, V(z,y) = (#2+y?)/2,
and the Liouville equations for w = ¢, ¢, f take the form
Wy + pwy + quy — xw, — ywg = 0. (44)

With the notation Z = (z,v,p, ¢)T, the superscript T' denoting matrix trans-
pose, the bicharacteristic equations associated with (44) satisfy the linear sys-
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Fig. 5. Example 9. Observables computed using FDM algorithms. Plots on the left
show 5", and plots on the right show o".

tem of differential equations

%2: Oz, (45)
where ) ) ) )
0 010 cost O sint 0
0 001 - 0 cost 0 sint
Q= , e = . (46)
-1 000 —sint 0 cost 0
0 —100_ I 0 —sint 0 cost_

Using the matrix exp(€2t), we can solve the PDE (44) in closed form by tracing
the bicharacteristics back to the initial manifold at ¢ = 0:

w(z,t) = w(z°,0), 20=e%z (47)
As in the previous example, we are able to solve the Liouville equations in

this simple manner due to the special form of the potential V. In general, it
is necessary to solve the PDE’s using numerical methods, as described in [9].
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Fig. 6. Example 9. Observables computed using PDF algorithms. Plots on the left
show p", and plots on the right show o".

The initial data for the Liouville equations is defined by (9) and

So(z,y) = 0.6 (sin(0.47z) — 0.1) (sin(0.47y) — 0.2) , (48)
po(,y) = exp(—(z* + y%)) + 1.

We discretize the rectangle [—4,4]? x [—7.5]* of z, y, p, ¢ space, using x; = jAx,
yr = kAx (we are taking Az = Ay), and p; = lh, q,, = mh (we are taking
Ap = Aq = h) with |j|, k| < J and |l|,|m| < L and JAz =4, Lh = 7.5.

At a given time level ¢ > 0, and each grid point (z;, Yk, pi, ¢m), We use formula
(47) to compute

W5, Yk, D1y G 1) = w2,y s am), (25, s 1) @)™ = € (5w pus gm) ™
(49)
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Fig. 7. Example 11. Averaged density p" at t = 6.9. The spikes represent caustics,
i.e., points where det V¢ = 0.

s

We then compute the (approximate) observables, p" ~ p, v%" ~ v¢, i = 1,2:

ﬁh(Ij7yk7t) = h'2 ZZ f($j>yk>pl> qm>t)5h(pl> qm; ¢($j>yk> ) '>t))>
l m

h? -
—1,h h
v ($>yk>t) = . N plf(I'yyk>pl>Qm>t)5 (pl>Qm;¢($'>yk> ) '>t))>
’ ph($j>yk>t) ;; ’ ’
h? -
—2.h h
v Ty, >t = 7 N mJ\Lyj, s Pl m>t5 y Ams Zj, >'>'>t .
(2, Yk, ) ﬁh(xj,yk,t)zl:;q T Yns U Qs )0 (D1 G (25, Yhs =5+, )

(50)
Here 6"(py, qu; gz;(:vj,yk, -,+,t) is an approximate delta function based on the

—

level function (p, q) — ¢(z;, Yk, p, ¢, ).

For our computations, we used Az = Ay = 0.16 and h = Ap = Ag = 0.15.
The averaged density p" at t = 6.9 is shown Figure 7, and the averaged velocity
components 9"" at the same time slice are shown in Figure 8. The approximate
delta function used to generate these plots was FDM1-FGN using H¢*.

Figures 9, 10, and 11 show the averaged density p" at t = 6.9, along the slice
y = —.96. Based on the results of Example 9, it is likely that the versions
of the algorithms without FGN processing are tending to understimate the
maxima that occur near the caustics, while the FGN versions are probably
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Fig. 9. Example 11. Averaged density p" at t = 6.9, y = —.96. FDM1 (solid line)
and FDM1-FGN (dashed line).

25

Fig. 10. Example 11. Averaged density p" at t = 6.9, y = —.96. PDFL (solid line)
and PDF-FGN (dashed line).

giving small overestimates.

Finally, in Figure 12 we focus on the geometry of the level sets ¢ = 0 and ) = 0
first far from any caustics (plots (a) and (b)), and then near a caustic (plots
(c) and (d)). The caustics correspond to the spikes in Figure 7, and occur at
points (z,y) where the Jacobian det ng; vanishes. What is interesing about
plots (c) and (d) is that the (near) vanishing Jacobian is due to flattening of
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(.48, .48), not near any caustics. Plots (c) and (

(z,y) =
close to a caustic.

the level functions, as opposed to collinearity of the contours.
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5 Conclusion

Using the wedge product formalism combined with finite differencing, we have
generalized to higher codimension the methods (FDM1 and FDM2) for dis-
cretizing delta functions in [19]. We have used these algorithms to approximate
certain integrals involving delta functions. We have also proposed a gradient
normalization process that can be combined with our FDM algorithms, and
also with more standard delta function approximations. We have presented
a number of numerical experiments indicating that our FDM algorithms are
accurate and often consistent (meaning that they converge to the true solu-
tion when A — 0). Our experiments indicate that in those cases where FDM1
and /or FDM2 is inconsistent, consistency can be recovered with our new gra-
dient normalization process. In the full codimension setting, the gradient nor-
malization process works in a similar way with more standard delta function
approximations. In a number of cases, our numerical experiments indicate
O(h?) convergence for our new FDM algorithms, especially when combined
with gradient normalization.

6 Appendix. Converting from wedge products to determinants.

This appendix provides alternative formulas, using determinants instead of
wedge products, for the basic formulas of this paper. These formulas, along
with the recipe (13) for the discrete gradient operator, can be used directly
(bypassing the wedge products if one wishes) when coding FDM1 and FDM2.

If A= a;,;]isam xn matrix with m < n, the quantity J:(A) is defined by

A1, Al *°° QAl,,
J;(A)::det . (51)
Amyiy Amyis " Amyip,
Here i € S refers to all multi-indices 7 = (11, ... ,im) of the form 1 < iy < iy <

o+ s < iy, < m. With this notation, formula (12) for the delta function product
can be written as

_ Swes B(VH@) J: (Vi)

l (52)
Saes (- (VD))

27



The gradients Vi and VH (@) are m X n matrices:
Vu! VH(u')
Vu™ VH(u™)

The quantity ||A,,Vu(Z)| appearing in (1) can be written as

I Vi@ = > (J7 (VD). (54)
1€8

The formulas (52) and (54) can be combined:

(2

Vs (5 (VD))

res Jr (V@) J; (Vi)

dut) - 6(u™) [Am ViE(Z)]| = (55)

We collect below the versions of (52) and (54) that result in certain specific
cases.

Full codimension: m = n. In this case,
S(ul)---8(u") = detVH (@) /detV (@), (56)

and
S(ut)---8(u) | A V|| = detVH (i) - sign (detV (i) . (57)

Codimension 1: m = 1. In this case, we write u* = u, and the formulas are

_ VH(u)Vu

IVul)”
and VH(u) -V
u) - Vu
o(u) [MVu|| = —=—— 59
Curves in R?: n = 3, m = 2. The formulas for this case are
1 2\Y . 1 2
S(uN)o(u?) = (VH(u')xV H(u?)) (2Vu xVu )’ (60)
|Vulx Vu?||
and (VH(u')xVH(u?)) - (VulxVu?)
S(uh)d(u?) [N V|| = . (61)

|Vulx Vu?||

28



References

[1] R.P.Beyer, R.J. Leveque, Analysis of a one-dimensional model for the immersed
boundary method, STAM J. Numer. Anal. 29 (1992) 332-364.

[2] P. Burchard, L.-T. Cheng, B. Merriman, S. Osher, Motion of curves in three
spatial dimensions using a level set approach, 2001 Preprint available at
http://www.math.ucla.edu/applied/cam/index.html.

[3] L.-T. Cheng, P. Burchard, B. Merriman, S. Osher, Motion of curves constrained
on surfaces using a level set approach, J. Comput. Phys. 175(2) (2002) 604-644.

[4] L.-T. Cheng, H. Liu, S. Osher, Computational high-frequency wave propagation
using the level set method, with applications to the semi-classical limit of
Schrodinger equations, Comm. Math. Sci 1 (2003) 593-621.

[5] B. Engquist, A.K. Tornberg, R. Tsai, Discretization of Dirac Delta Functions
in Level Set Methods, J. Comput. Phys. 207 (2005), 28-51.

[6] H. Flanders, Differential forms with applications to the physical sciences, Dover
Publications, New York, 1989.

[7] S.Jin, S. Osher, A level set method for the computation of multivalued solutions
to quasilinear hyperbolic PDE’s and Hamilton-Jacobi equations, Commun.
Math. Sci, 1 (3) (2003), 575-591.

[8] S. Jin, H. Liu, S. Osher, R. Tsai, Computing multivalued physical observables
for the semiclassical limit of the Schrédinger equation, J. Comput. Phys. 205
(2005) 222-241.

[9] H. Liu, S. Osher, R. Tsai, Multi-valued solution and level set methods in
computational high frequency wave propagation, Commun. Comput. Phys. 1
(5) (2006) 765-804.

[10] C. Misner, Spherical harmonic decomposition on a cubic grid, Preprint arXiv:gr-
qc/9910044 v1 (1999).

[11] S. Osher, R. Fedkiw, Level set methods and dynamic implicit surfaces, Springer-
Verlag, New York, 2003.

[12] S. Osher, J. Sethian, Fronts propagating with curvature dependent speed:
Algorithms based on Hamilton-Jacobi formulations, J. Comput. Phys. 79 (1988)
12-49.

[13] D. Peng, B. Merriman, S. Osher, H. Zhao and M. Kang. A PDE-based fast local
level set method. J. Comput. Phys. 155 (1999) 410-438.

[14] O. Runborg. Mathematical models and numerical methods for high frequency
waves, Commun. Comput. Phys. 2 (5) (2007) 827-880.

[15] J.A. Sethian, Level set methods and fast marching methods, Cambridge
University Press, Cambridge, 1999.

29



[16] P. Smereka, The numerical approximation of a delta function with application
to level set methods, J. Comput. Phys. 211 (2006) 77-90.

[17] A.K. Tornberg, B. Engquist. Numerical approximations of singular source terms
in differential equations, J. Comput. Phys. 200 (2004) 462-488.

[18] A.K. Tornberg, B. Engquist, Regularization Techniques for Numerical
Approximation of PDEs with Singularities, Journal of Scientific Computing,
19 (2003) 527-552.

[19] J.D. Towers. Two methods for discretizing a delta function supported on a level
set, J. Comput. Phys. 220 (2007) 915-931.

[20] H.K. Zhao, S. Osher, T. Chan, B. Merriman, Variational formulation for motion
of multiple junctions and interfaces by level set approach, Preprint available at
http://www.math.ucla.edu/applied /cam/index.html.

30



