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Abstract. We propose two new finite difference algorithms for a Poisson

problem where jumps in the solution and its normal derivative are prescribed
along an interface. Our algorithms assume a Cartesian grid that is not fitted

to the interface in any way.
We employ the level set framework, making it straightforward to reformu-

late the problem as a Poisson problem with singular source terms that encode
the jump requirements. We then discretize the singular source terms using

finite difference methods for delta functions and Heaviside functions that are
similar to those appearing in [34, 35, 36]. Since the jumps are captured via

source terms, the resulting system of finite difference equations can be solved
using any fast Poisson solver. We present the two-dimensional versions of our

algorithms, but the formulas for the three-dimensional (or higher) case can be
written in essentially identical forms. Thus our algorithms generalize directly

to any number of spatial dimensions.
We use a recent result of Beale and Layton [2] to prove that one of our

algorithms captures the solution with second order accuracy, and additionally
that the discrete gradient is approximated with nearly second order accuracy.

We measure accuracy in the discrete L∞ norm.
Numerical experiments confirm the rates of convergence predicted by the

Beale-Layton result for the algorithm to which that theorem applies. For the
other algorithm, our numerical experiments indicate second order accuracy for

the undifferentiated variable, and accuracy for the gradient that depends on
the problem, varying from first order (or slightly less) to second order.

1. Introduction.

We are interested in finite difference algorithms for the following Poisson interface
problem:







∆u = S+ in Ω+, ∆u = S− in Ω−,

u = f on ∂Ω,
[

∂u
∂n

]
= a on Γ,

[u] = b on Γ.

(1.1)

Here Ω+ and Ω− are bounded open regions in R
2 such that Ω̄+ ∪ Ω̄− = Ω̄, where Ω

is an open rectangle. Γ is a one-dimensional manifold defined by the zero level set
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Figure 1. The geometry of the Poisson interface problem (1.1).

φ(x, y) = 0, where the level set function φ : Ω̄ 7→ 0 is assumed to be smooth and
have a nonvanishing gradient near Γ. We assume that Γ ∩ ∂Ω = ∅. With respect
to the level set function, the open sets Ω± are defined by

φ(x, y) > 0 for (x, y) ∈ Ω+ , φ(x, y) < 0 for (x, y) ∈ Ω−, (1.2)

see Figure 1. The sign of φ is chosen so that ∂Ω+ = Γ. We use ∂/∂n to denote
differentiation in the direction of the normal vector that points outward from Ω+.
With our sign convention, −(∇φ/ |∇φ|) · ∇ = ∂/∂n. For a piecewise continuous
function p(x, y) that is defined in a neighborhood of Γ, we use the notation [p] :
Γ 7→ R to denote the jump in p along Γ:

[p](x, y) = lim
(ξ,η)→(x,y)

(ξ,η)∈Ω+

p(ξ, η) − lim
(ξ,η)→(x,y)

(ξ,η)∈Ω−

p(ξ, η). (1.3)

To distinguish between the sets Ω− and Ω+, we assume that the level set function
φ is defined throughout Ω̄. However, we only require that φ is smooth near Γ.
Specifically, we assume that for some α > 0, φ is smooth on the set Bα := {(x, y) :
|φ(x, y)| < α}. We also assume that for some µ > 0,

|∇φ(x, y)| ≥ µ for (x, y) ∈ Bα. (1.4)

An additional technical assumption concerning Bα is that Bα ⊂ Ω. We assume
that S± is smooth on Ω± ∪ Bα. We also assume that the jump data a and b are
smooth in Bα, and that the boundary data f is smooth in a neighborhood of ∂Ω.

We will focus on the case of two space dimensions, but emphasize that this is
only for the sake of concreteness, and to keep the notation simple. It will become
clear that our algorithms and analysis generalize directly to the setting of 3 space
dimensions.

Steady incompressible Stokes flow [2, 11] provides an example where a problem
like (1.1) arises in fluid mechanics. In this case the interface Γ corresponds to an
elastic boundary immersed in a fluid. This boundary is modeled by a forcing term
F , which is concentrated on Γ. Assuming that F is known, the problem has the
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form
{

∆p = 0 in Ω±,

[p] and [∂p/∂n] specified,
(1.5)

{

∆u = 1
µ
px in Ω±,

[u] = 0 and [∂u/∂n] specified,

{

∆v = 1
µ
py in Ω±,

[v] = 0 and [∂v/∂n] specified,
(1.6)

with suitable boundary conditions prescribed on ∂Ω. Here p is the pressure, (u, v)
is the velocity, and µ is the viscosity. The jump conditions are determined from F .
The methods of this paper can be used directly to solve the problem (1.5) for the
pressure. If only one fluid is present, i.e., µ is constant, the methods of this paper
could also be used to solve (1.6) for u and v. One of our methods gives nearly
second order accuracy for both p and its partial derivatives. After applying this
method to (1.5), we could use approximations of px and py in (1.6). One technical
detail here is that one would have to extend the discontinuous px and py smoothly
across the elastic boundary Γ. Fortunately, there are straightforward techniques
for accomplishing this extension within a level set framework, see [1, 8, 25]. For
the two-fluid case where µ jumps from one constant state to another across the
interface Γ, see [2, 11].

A more general interface problem than (1.1) is the variable coefficient problem






β+∆u = S+ in Ω+, β−∆u = S− in Ω−,

u = f on ∂Ω,
[
β ∂u

∂n

]
= a on Γ,

[u] = b on Γ,

(1.7)

which includes the discontinuous coefficient

β(x, y) = H(φ)β+(x, y) + (1 −H(φ))β−(x, y).

Here H denotes the Heaviside function:

H(z) =

{

0, z ≤ 0,

1, z > 0,
(1.8)

and β− and β+ are smooth except for a jump along Γ. For the case where β is
piecewise constant, the variable coefficient problem (1.7) can be reduced to (1.1)
by solving a certain integral equation for [∂u/∂n], see [2, 19].

In this paper we are assuming that jumps across the interface are specified; we
then derive the singular source terms that are implied by the jumps (see Section 2).
However, there are also situations where singular source terms are specified directly.
A simple physical example (borrowed from [10]) is steady state heat conduction in
a rectangular region Ω with a heat source concentrated on Γ. This would lead to a
Poisson problem with a delta function source term.

Another example is the Immersed Boundary Method of Peskin [28, 29], which
we now outline, following the description in [4]. The Immersed Boundary Method
applies to the incompressible Navier-Stokes equations. It was originally devised to
model the flow of blood in the heart. The computational domain is a box, generally
with periodic boundary conditions. The model features a moving boundary, located
entirely within the box. This boundary moves with the fluid, but also exerts a force
on the fluid. What is relevant from our point of view is that this force is concentrated
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on the boundary, and is captured by a delta function source term. The equations
are of the form

{

ut + u ·
(

∇u
)

= µuxx + f,

∇ · u = 0,

with u = (u1, u2) representing the velocity, µ the viscosity, and f the force. The
force f is discretized by a product of one-dimensional delta functions

fj,k =

N∑

i=1

Fi(t)δ
h(xj −Xi)δ

h(yk − Yi)∆s. (1.9)

Here, the control points (Xi, Yi) = (X(si), Y (si)) locate the boundary curve Γ,
which is defined parametrically, (X, Y ) = (X(s), Y (s)). Peskin proposed and ana-
lyzed various one-dimensional delta functions that can be used for the approximate
delta function δh appearing in (1.9). Engquist, Tornberg, and Tsai [7] success-
fully adapted the “product of delta functions” approach to the case where Γ is
represented implicitly by a level set instead of parametrically.

Beyer and Leveque [4] studied the one-dimensional time-dependent problem
{

ut = uxx + c(t)δ(x− α), x ∈ (0, 1), α ∈ (0, 1),

u(0, t) = u(1, t) = 0,
(1.10)

and also the steady state version where the PDE becomes uxx = −cδ(x−α). Their
purpose was to analyze the Immersed Boundary Method in the simplest possible
nontrivial case. As a part of this analysis, they derived certain moment conditions
that a one dimensional discrete delta function must satisfy in order to achieve
second order accuracy.

Leveque and Li [10] developed the Immersed Interface Method, a second order
method for the problem (1.7), their goal being to develop a second order version
of the Immersed Boundary Method. This method has been applied successfully by
Leveque, Li, their coworkers, and others to a wide variety of problems including
(1.7), but also more general problems [11, 12, 13, 14, 15, 16, 38].

In [10] the authors observed that the Immersed Boundary Method could be
applied to problems like (1.1), but noted two limitations of the method. First, it
is not possible to incorporate discontinuities in the solution, only discontinuities in
the normal derivative. Second, it did not seem possible in two dimensions to achieve
second order accuracy at all grid points, using a forcing function of the form (1.9),
i.e., a two-dimensional discrete delta function. The results of the present paper
indicate that if the interface is represented by a level set, rather than the Lagrangian
representation of the Immersed Boundary Method, it is possible to overcome these
limitations. Specifically, it is possible to construct a discrete delta function and a
discrete dipole term which force the desired jumps in both the normal derivative
and the solution itself. Moreover, this can be done in two or three dimensions, and
the approximations have second order accuracy at all grid points.

Beale and Layton [2] have pointed out that at least a few of the known finite
difference methods for solving (1.1) on a regular grid have the form

∆hUj,k = S(xj , yk) + Th
j,k, (1.11)

where ∆h is the discrete Laplacian, (xj , yk) is the typical grid point, and Th
j,k is a

term that is zero except for grid points near Γ. Clearly, Th
j,k comprises the nontrivial
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part of the algorithm. It is responsible for the correct jumps in the approximate
solution and its normal derivative. In [2] it is proven that if the finite difference
approximation is second order accurate, except possibly near the interface, where
the accuracy may decrease to first order, the resulting approximation will be second
order accurate, measured in the discrete L∞ norm. Additionally, the accuracy of the
gradient approximation will have close to second order accuracy. For the reader’s
convenience, we provide a statement of their result in Section 6. Moreover, they
show that the Immersed Interface Method, the related method of Weigman and
Bube [38], and also the method of Mayo (described in the following paragraph),
satisfy the hypotheses of their theorem, and hence verify the second order accuracy
of these methods. In Section 6 we show that the theorem of [2] also applies to one
of the algorithms proposed in this paper.

In order to solve a Poisson problem on an irregular domain, Mayo [19, 20, 21]
has also developed a practical method for problems of the type discussed here.
First, the Poisson problem on an irregular domain is reduced to a problem of the
form (1.1). The main idea of the approach is to extend the solution of the original
problem to a rectangular region that contains the irregular domain. This extended
solution has jumps at the boundary of the irregular domain (this irregular domain
corresponds to Ω+ in our setup), but these jumps can be determined by solving a
Fredholm integral equation. With the problem reduced in this way, Mayo devised a
formula for the term Th

j,k that results in second order accuracy for both the reduced

problem (1.1), and the original Poisson problem.
Liu, Fedkiw, and Kang [17] have also developed a finite difference method for

(1.7). Their method is based on the Ghost Fluid Method [8]. It is first order
accurate, but is simple to implement in both two and three dimensions, captures
interfaces sharply, and can be used with a standard Poisson solver. Liu and Sideris
[18] have analyzed this scheme, including a proof of convergence.

Two additional recent papers that address the interface problem (1.1), and also
the more general problem (1.7), using a uniform Cartesian mesh are [9] and [37].

Another example where singular source terms appear in PDEs is the level set
method of Osher and Sethian [22, 25, 26, 27, 30]. Level set algorithms also use
delta functions and Heaviside functions in quadrature formulas such as

∫

Ω+

g dA =

∫

Ω

gH(φ) dA, (1.12)

∫

Γ

g ds =

∫

Ω

gδ(φ) |∇φ| dA, (1.13)

which are valid if supp(g) ⊂ Ω; see [5] for a proof of (1.13). In [32] and [33] Torn-
berg and Engquist carried out a systematic study of discretized delta functions
and Heaviside functions, both as source terms in PDEs and as used in quadrature
problems. Among other things, they showed that seemingly reasonable methods of
discretizing delta functions may result in approximations to the integral (1.13) that
are inconsistent, meaning that they generate approximations that do not converge
to the correct solution. Since then a number of methods for constructing consis-
tent delta function and Heaviside function approximations have been proposed and
analyzed [3, 7, 23, 24, 31, 34, 35, 36, 39, 40]. Several of these papers have devised
discrete delta functions that result in second order accuracy for the quadrature
problem (1.13). However, in dimensions higher than one, there does not seem to be
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a direct connection between second order accuracy for the quadrature problem and
second order accuracy in the L∞ norm for the Poisson interface problem. Both [7]
and [24] give an example where a discrete delta function gives second order accu-
racy for the quadrature problem, but yields only first order accuracy for the Poisson
interface problem. (It should be noted that if grid points outside of a narrow band
surrounding the interface are excluded from the error calculation, or if the discrete
L1 norm is used, the methods of [7] and [24] give second order accuracy.)

The rest of the paper is organized as follows. In Section 2 we derive formula-
tions of the interface problem (1.1) that capture the jump requirements via singular
source terms. In Section 3 we discretize the computational domain and fix notation
for various finite difference operators. In Section 4 we describe our finite difference
method for discretizing Heaviside functions and delta functions. These discretiza-
tions are similar to ones that we proposed and analyzed in [34, 35, 36]. In Section 5,
we discretize the singular source term formulations that we derived in Section 2,
yielding new algorithms for the interface problem (1.1). In Section 6 we use the
result of [2] mentioned previously to prove that one of our discretizations is sec-
ond order accurate in the discrete L∞ norm. In Section 7 we provide numerical
examples. These confirm the rates of convergence predicted by the Beale-Layton
result for the algorithm to which that theorem applies. For the other algorithm,
our numerical experiments indicate second order accuracy for the undifferentiated
variable, and accuracy for the gradient that varies, depending on the problem, from
less than first order to second order. Finally, Section 8 contains some concluding
remarks.

2. Correspondence between jump conditions and singular source terms.

In this section we derive several formulations of (1.1) that capture the jumps via
singular source terms. In these calculations we operate formally with distributions
like δ(φ) and the even more singular ∆H(φ). We emphasize that this is only as an
aid in constructing algorithms. Ultimately, we check our numerical approximations
against the solutions of (1.1).

Let ψ be a smooth test function supported in the interior of Ω. Starting from
∫

Ω±

ψ∆u dA =

∫

Ω±

ψS± dA, (2.1)

we apply Green’s identity separately over Ω− and Ω+ to get
∫

Ω±

u∆ψ dA =

∫

∂Ω±

u
∂ψ

∂n±
ds−

∫

∂Ω±

ψ
∂u

∂n±
ds+

∫

Ω±

ψS± dA. (2.2)

Here n± is the unit normal vector outward from Ω±. Define

S(x, y) = H(φ(x, y))S+(x, y) + (1 −H(φ(x, y)))S−(x, y). (2.3)

Adding the integrals in (2.2) over Ω+ and Ω−, using the jump conditions [u] = b,
[∂u/∂n] = a, along with (1.13), we obtain

∫

Ω

u∆ψdA =

∫

Γ

[u]
∂ψ

∂n
ds−

∫

Γ

ψ

[
∂u

∂n

]

ds+

∫

Ω

ψS dA

=

∫

Ω

b
∂ψ

∂n
δ(φ) |∇φ| dA−

∫

Ω

ψaδ(φ) |∇φ| dA+

∫

Ω

ψS dA.

(2.4)
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Next, we wish to replace the integral involving ∂ψ/∂n by one or more integrals that
instead involve the undifferentiated test function ψ. Using the formal relationship

∇H(φ) = H ′(φ)∇(φ) = δ(φ)∇φ, (2.5)

we compute
∫

Ω

ψb∆H(φ) dA =

∫

Ω

∇ ·
(

ψb∇H(φ)
)

dA−
∫

Ω

∇H(φ) · ∇
(

ψb
)

dA

= −
∫

Ω

δ(φ)∇φ · ∇
(

ψb
)

dA

=

∫

Ω

δ(φ)

(

b
∂ψ

∂n
+ ψ

∂b

∂n

)

|∇φ| dA

=

∫

Ω

b
∂ψ

∂n
δ(φ) |∇φ| dA+

∫

Ω

ψ
∂b

∂n
δ(φ) |∇φ| dA.

(2.6)

Solving for the integral involving ∂ψ/∂n, we find that
∫

Ω

b
∂ψ

∂n
δ(φ) |∇φ| dA =

∫

Ω

ψb∆H(φ) dA−
∫

Ω

ψ
∂b

∂n
δ(φ) |∇φ| dA. (2.7)

Substituting (2.7) into (2.4) yields
∫

Ω

u∆ψ dA =

∫

Ω

ψb∆H(φ) dA−
∫

Ω

ψaδ(φ) |∇φ| dA−
∫

Ω

ψ
∂b

∂n
δ(φ) |∇φ| dA

+

∫

Ω

ψS dA.

(2.8)
Recalling that a weak form of the Poisson equation ∆w = P is

∫

Ω
w∆ψ dA =

∫

Ω
Pψ dA, equation (2.8) indicates that, at least formally, the interface problem

(1.1) can be expressed as
{

∆u = b∆H(φ) −
(
a+ ∂b

∂n

)
δ(φ) |∇φ|+ S in Ω,

u = f on ∂Ω.
(2.9)

Remark 2.1. In (2.9), the portion of the source term responsible for the jump
[∂u/∂n] = a is −aδ(φ) |∇φ|. The portion that causes the jump [u] = b is

b∆H(φ) − ∂b

∂n
δ(φ) |∇φ| .

The distribution ∆H(φ) is a dipole type of singularity since

∆H(φ) = ∇ · (δ(φ)∇φ) = δ′(φ) |∇φ|2 + δ(φ)∆φ.

The formulation (2.9) is not quite in a form that we wish to discretize. To achieve
the desired formulation, we use the identity

∆(bH) = b∆H +H∆b+ 2∇b · ∇H (2.10)

to write b∆H in a slightly different way:

b∆H = ∆
(

bH
)

−H∆b− 2∇b · ∇H

= ∆
(

bH
)

−H∆b− 2∇b · ∇φδ(φ)

= ∆
(

bH
)

−H∆b+ 2
∂b

∂n
δ(φ) |∇φ| .

(2.11)
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Substituting this relationship into (2.9), we get the following formulation of the
interface problem (1.1):

{

∆u = ∆
(

bH
)

−H∆b−
(
a− ∂b

∂n

)
δ(φ) |∇φ|+ S in Ω,

u = f on ∂Ω.
(2.12)

This is the first of two versions of the problem (1.1) that we will discretize.

In (2.12), we can replace b by any any convenient alternative b̂, as long as b̂ is

smooth and b̂ = b on Γ. With this in mind, the second version of (1.1) that we will
discretize is 





∆u = ∆
(

b̂H
)

−H∆b̂+ S in Ω,

b̂ = b+
(

∂b
∂n − a

)
φ/ |∇φ| ,

u = f on ∂Ω.

(2.13)

This version results from (2.12) via the following readily verified relationships:

b̂ = b+ O(φ),
∂b̂

∂n
= a+ O(φ). (2.14)

With this choice of b̂, we have not only b̂ = b on Γ, which is required. We also have
∂b̂
∂n = a on Γ. This second relationship results in a simplified algorithm, since no
discrete delta function is needed. It turns out that this discretization also results
in a higher convergence rate for the discrete gradient.

3. Discretization of Ω and spatial difference operators.

We take Ω = (−L, L)×(−L, L) to be a square centered on the origin. We choose
the mesh size h = ∆x = ∆y so that grid points are located on ∂Ω. The grid points
are (xj, yk) = (jh, kh), −J ≤ j, k ≤ J , where h = J /L. For a function Z(xj , yk)
defined at the grid points (xj, yk), we use the abbreviation Zj,k. To fix notation,
the standard forward and backward spatial divided difference operators are denoted
by

Dx
±Zj,k = ± (Zj±1,k − Zj,k) /h, Dy

±Zj,k = ± (Zj,k±1 − Zj,k) /h. (3.1)

We will also use the centered divided difference operators:

Dx
0Zj,k =

1

2

(
Dx

+Zj,k +Dx
−Zj,k

)
, Dy

0Zj,k =
1

2

(
Dy

+Zj,k +Dy
−Zj,k

)
. (3.2)

The discrete gradient operator is defined by:

∇hZj,k = (Dx
0Zj,k, D

y
0Zj,k) , (3.3)

and the standard five-point discrete Laplacian is

∆hZj,k = Dx
+D

x
−Zj,k +Dy

+D
y
−Zj,k. (3.4)

We will need the following finite difference identity :

∆h (Pj,kQj,k) = Pj,k∆
hQj,k +Qj,k∆hPj,k + 2〈P,Q〉j,k (3.5)

〈P,Q〉j,k :=
1

2

(
Dx

+Pj,kD
x
+Qj,k +Dx

−Pj,kD
x
−Qj,k

)
(3.6)

+
1

2

(
Dy

+Pj,kD
y
+Qj,k +Dy

−Pj,kD
y
−Qj,k

)

(3.7)
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The relationship (3.5) is just the discrete version of the identity (2.10), with b and
H replaced by P and Q.

4. Singular quantities via finite differences.

In this section we derive discrete versions of δ(φ) and H(φ). The level set frame-
work is convenient for discretizing singularities that are concentrated on Γ. To
illustrate this point, consider the following approach to deriving a first order accu-
rate discrete delta function that is concentrated on Γ [34]. We start with the formal
calculation

∇H(φ) = H ′(φ)∇φ = δ(φ)∇φ. (4.1)

Taking the dot product of ∇φ on both sides, and then solving for δ(φ), we obtain

δ(φ) = ∇H(φ) · ∇φ/ |∇φ|2 . (4.2)

This formula is now readily discretized by replacing ∇ by the discrete gradient
operator ∇h. This approach works for any manifold Γ of codimension one in R

n

that is defined by a level set. Below we will use a version of this approach that is
slightly more complicated, since we wish to achieve second order accuracy.

In what follows, we will use the first several primitives of the Heaviside function:

I(z) =

∫ z

0

H(ζ) dζ = max(0, z), J(z) =

∫ z

0

I(ζ) dζ =
1

2
max(0, z)2,

K(z) =

∫ z

0

J(ζ) dζ =
1

6
max(0, z)3.

(4.3)

To simplify the formulas, we will usually write H(φ(xj, yk)) in the abbreviated form
Hj,k, and similarly for I(φ(xj, yk)), J(φ(xj , yk)), K(φ(xj , yk)).

To derive the discrete delta function that we will use in discretizing (1.1), we
start from the following (formal) calculation:

∆I(φ) = ∇ · (∇I(φ)) = ∇ · (I′(φ)∇φ)

= ∇ · (H(φ)∇φ) = ∇H(φ) · ∇φ+H(φ)∆φ

= H ′(φ)∇φ · ∇φ+H(φ)∆φ = δ(φ) |∇φ|2 +H(φ)∆φ.

(4.4)

Solving for δ(φ), we obtain

δ(φ) = ∆I(φ)/ |∇φ|2 −H(φ)∆φ/ |∇φ|2 . (4.5)

If we repeat this calculation, starting instead with ∆J(φ), the result is

H(φ) = ∆J(φ)/ |∇φ|2 − I(φ)∆φ/ |∇φ|2 . (4.6)

Finally, we plug (4.6) into (4.5). This results in the formula for δ(φ) that we will
discretize:

δ(φ) = ∆I(φ)/ |∇φ|2 − (∆J(φ) − I(φ)∆φ)∆φ/ |∇φ|4 . (4.7)

Let N1 denote the set of grid points (xj , yk) which are separated from the inter-
face ∂Ω by less than one mesh width. Specifically (xj , yk) ∈ N1 means that

max{φj,k, φj±1,k, φj,k±1} > 0, min{φj,k, φj±1,k, φj,k±1} < 0. (4.8)
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By discretizing (4.7), we obtain the following discrete version of δ(φ):

FDM2c:

δF2c(φ)j,k =







∆hIj,k

|∇hφj,k|
2 − (∆hJj,k−Ij,k∆hφj,k)∆hφj,k

|∇hφj,k|
4 , (xj , yk) ∈ N1,

0, (xj , yk) /∈ N1.

(4.9)

FDM2c is a slightly modified version of what we called Method 2 in [34]. We have
replaced

(
∇hIj,k · ∇hφj,k

)
in Method 2 of [34] by

(
∆hJj,k − Ij,k∆hφj,k

)
, which can

be understood in terms of the identity ∇J ·∇φ = ∆J−I∆φ. This modified version
is better suited to the problem of this paper. Let us briefly explain this. Our
difference scheme will be (very roughly) of the form

∆hUj,k = Singular Terms. (4.10)

We find that from an accuracy perspective, it is desirable to be able to write (4.10)
in the equivalent form

∆hUj,k = ∆hSomething + Less Singular Terms. (4.11)

Both of the difference operators in (4.9) that result in singular terms are of the
form ∆h; specifically they are ∆hIj,k and ∆hJj,k. In our schemes they will occur in
the form Pj,k∆hIj,k and Qj,k∆hJj,k, where P and Q are smooth. By applying the
identity (3.5) to these terms, our difference schemes can be put in the equivalent
form (4.11).

The Heaviside version of (4.7) is

H(φ) = ∆J(φ)/ |∇φ|2 − (∆K(φ) − J(φ)∆φ)∆φ/ |∇φ|4 . (4.12)

After discretizing (4.12), the result is

FDMH2c:

HF2c(φ)j,k =







∆hJj,k

|∇hφj,k|
2 − (∆hKj,k−Jj,k∆hφj,k)∆hφj,k

|∇hφj,k|
4 , (xj , yk) ∈ N1,

H(φj,k), (xj , yk) /∈ N1.

(4.13)

To simplify notation, we will usually drop the dependence on φ and simply write
δF2c
j,k or HF2c

j,k .
Our discrete delta function and Heaviside function only require that φ be smooth

in a narrow band of width O(h) surrounding Γ. Away from this narrow band, φ is
only required to have the correct sign.

5. Discrete versions of the Poisson interface problem.

In this section we describe discretizations of the source term problems (2.12) and
(2.13). For (2.12) we discretize the delta function portion via

(

a− ∂b

∂n

)

δ(φ) |∇φ|
∣
∣
∣
(xj,yk)

≈ (aj,k − cj,k) δF2c
j,k

∣
∣∇hφj,k

∣
∣ . (5.1)

Here

cj,k =
∂b

∂n
(xj, yk). (5.2)

For the terms involving H , we use

∆
(

bH
)∣
∣
∣
(xj,yk)

≈ ∆h (bj,kHj,k) , H∆b
∣
∣
∣
(xj,yk)

≈ HF2c
j,k ∆hbj,k. (5.3)
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In the first part of (5.3), the Heaviside function is not regularized in any way; any
smoothing here would cause the solution to be smeared. On the other hand, in the
second occurrence we use HF2c in order to achieve second order accuracy. Finally,
the term S(x, y) is discretized using

S(xj , yk) ≈ HF2c
j,k S

+
j,k + (1 −HF2c

j,k )S−
j,k. (5.4)

Let Uj,k denote the approximate solution produced by our algorithms, i.e., Uj,k ≈
u(xj, yk), where u is the exact solution of (1.1). Combining (5.1), (5.3), and (5.4),
the full discretization for the formulation (2.12) is then






∆hUj,k = ∆h
(

bj,kHj,k

)

−HF2c
j,k ∆hbj,k − (aj,k − cj,k) δF2c

j,k

∣
∣∇hφj,k

∣
∣

+HF2c
j,k S

+
j,k + (1 −HF2c

j,k )S−
j,k, (xj , yk) ∈ Ω,

Uj,k = fj,k, (xj, yk) ∈ ∂Ω.

(5.5)

Numerical tests indicate that this discretization gives a second order approximation
for u. It produces approximations of the discrete gradient ∇hu(xj, yk) that vary
between first order (or slightly less) and second order.

Remark 5.1. From the following calculation

∆h
(

bj,kHj,k

)

−HF2c
j,k ∆hbj,k

= Hj,k∆hbj,k −HF2c
j,k ∆hbj,k + bj,k∆hHj,k + 2〈b, H〉j,k,

(5.6)

it is clear that this dipole term vanishes for (xj, yk) /∈ N1. The jump data bj,k must
be defined in a slightly wider band surrounding Γ, specifically in

N2 := N1 ∪ {(xj, yk) : (xj±1, yk) ∈ N1 or (xj, yk±1) ∈ N1}.

Since δF2c
j,k vanishes for (xj , yk) /∈ N1, the quantities aj,k and cj,k only need to be

defined for (xj, yk) ∈ N1. Similarly, we only need the level set function φ to be
smooth in a narrow band surrounding Γ. Outside of that band, we only need φ to
have the proper sign.

It turns out that the discrete version of (2.13) generally yields a better ap-
proximation to the discrete gradient ∇hu(xj, yk) than (5.5). We discretize the
formulation (2.13) via







∆hUj,k = ∆h
(

b̂j,kHj,k

)

−HF2c
j,k ∆hb̂j,k,+H

F2c
j,k S

+
j,k + (1 −HF2c

j,k )S−
j,k,

(xj, yk) ∈ Ω,

b̂j,k = bj,k +
(

∂b
∂n

(xj, yk) − aj,k

)
φj,k/ |∇φj,k| ,

Uj,k = fj,k, (xj, yk) ∈ ∂Ω.

(5.7)

6. Convergence theorem for the discretization (5.7).

In this section we prove that approximate solutions generated by the discretiza-
tion (5.7) converge to the actual solution of the Poisson interface problem (1.1) at
a rate of O(h2) in the discrete L∞ norm. We will use the following result:
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Theorem 6.1 (Beale, Layton [2]). Let u be the exact solution of the interface

Poisson problem (1.1). Assume that Γ is C4, and that u ∈ C4(Ω̄+), u ∈ C4(Ω̄−).
Assume that the solution is approximated using

{

∆hUj,k = Sj,k + Th
j,k, (xj, yk) ∈ Ω,

Uj,k = f(xj , yk), (xj, yk) ∈ ∂Ω,
(6.1)

where Th
j,k = 0 if (xj , yk) /∈ N1. Suppose that the following truncation error esti-

mates hold:

∆hu(xj, yk) − S(xj , yk) = O(h2) for all points (xj, yk) /∈ N1 ,

∆hu(xj, yk) − S(xj , yk) − Th
j,k = O(h) for all points (xj , yk) ∈ N1 .

(6.2)

Then

Uj,k − u(xj, yk) = O(h2) for all (xj, yk) ∈ Ω̄ ,

∇hUj,k −∇hu(xj, yk) = O(h2 log(1/h)) for all (xj , yk) ∈ Ω .
(6.3)

Remark 6.1. The theorem above is also valid in the three-dimensional setting.

Remark 6.2. Reference [2] gives specific regularity conditions for the data f , S±,
a, b that are sufficient to guarantee that the solution u satisfies the regularity
conditions of Theorem 6.1.

Our convergence proof will require a number of auxiliary quantities, which we
now define. Let µ be a C∞ function µ : R 7→ [0, 1] such that µ(z) = 1 for |z| < α/4
and µ(r) = 0 for |z| ≥ α/2. Let ρ(x, y) = µ(φ(x, y)). Recall that we are assuming
that S± is defined and smooth on Ω± ∪ Bα. We extend S± to be smooth and
defined on all of Ω̄:

S̃+ =

{

S− + ρ (S+ − S−) , φ ≤ 0,

S+ , φ ≥ 0,
S̃− =

{

S−, φ ≤ 0,

S+ + ρ (S− − S+) , φ ≥ 0.

(6.4)

Let σ = S̃+ − S̃−. Clearly σ vanishes outside of the narrow band Bα/2. Finally,
with

b̃ = ρb̂, γ = ∆b̃− σ, (6.5)

we define the following three quantities:

A(x, y) =
γ

|∇φ|2
, B(x, y) =

γ∆φ

|∇φ|4
, C(x, y) =

γ (∆φ)
2

|∇φ|4
. (6.6)

Each of A, B, and C is smooth in Ω̄ and vanishes outside of Bα/2.
For ν ∈ (0, 1), let Cν(Ω) denote the class of Hölder continuous functions on Ω

with exponent ν , and for a positive integer m, let Cm+ν(Ω) denote the class of
functions in Cm(Ω) all of whose mth partial derivatives are in Cν(Ω). In the proof
of the lemma below we will use the following fact [6]: If w is a solution of the
Poisson equation ∆w = R in Ω, and R ∈ Cν(Ω), then w ∈ C2+ν(Ω̄1) for any closed
subdomain Ω̄1 ⊂ Ω.

Lemma 6.1. In addition to the regularity assumptions stated in Theorem 6.1,

assume that for some ν ∈ (0, 1),

φ ∈ C4+ν(B̄α), S± ∈ C2+ν(Ω̄± ∪ B̄α), a ∈ C4+ν(B̄α), b ∈ C5+ν(B̄α). (6.7)
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Let
w = u− b̃H +AJ,

R = J∆A+ 2∇J · ∇A+ B∆K − CJ + S̃−.
(6.8)

Then w ∈ C2(Ω̄) and
{

∆w = R, (x, y) ∈ Ω,

w = f, (x, y) ∈ ∂Ω.
(6.9)

Thus, ∆w = R in the classical sense for all points in Ω, including points lying on

Γ.

Proof. First, it is clear that w = f on ∂Ω since

b̃H
∣
∣
∣
∂Ω

= AJ
∣
∣
∣
∂Ω

= 0. (6.10)

Next we verify that the PDE ∆w = R is satisified in each of Ω−, Ω+. For
(x, y) ∈ Ω−, R = S−, and w = u, so clearly ∆w = R for (x, y) ∈ Ω−. For

(x, y) ∈ Ω+, w = u− b̃+ AJ , so

∆w = ∆u− ∆b̃+ ∆ (AJ)

= S+ − ∆b̃+ A∆J + J∆A+ 2∇J · ∇A
= J∆A+ 2∇J · ∇A+ S̃+ − ∆b̃+ A∆J.

(6.11)

We use the relationship

S̃+ − ∆b̃ = σ − ∆b̃+ S̃− = −γ + S̃−, (6.12)

and the definition of A to write

S̃+ − ∆b̃+A∆J = −γ + S̃− +
γ∆J

|∇φ|2

= −γ
(

1 − ∆J

|∇φ|2

)

+ S̃−

= −γ
(

−∆φ∆K

|∇φ|4
+

(∆φ)2J

|∇φ|4

)

+ S̃−

= B∆K −CJ + S̃−.

(6.13)

Here we have used the identity

∆J

|∇φ|2
− ∆φ∆K

|∇φ|4
+

(∆φ)2J

|∇φ|4
= 1 for (x, y) ∈ Ω+. (6.14)

Plugging (6.13) into (6.11), we have verified that ∆w = R for (x, y) = Ω+.
We claim that [w] = 0 and [∂w/∂n] = 0. In fact,

[w] = [u]− [b̃] + [AJ ] = b− b+ 0 = 0,

[∂w/∂n] = [∂u/∂n]− [∂b̃/∂n] + [∂(AJ)/∂n] = a− a+ 0 = 0.
(6.15)

Using [w] = 0, along with the fact that w is differentiable in Ω±, we find that w is
weakly differentiable in Ω, and in fact w ∈ H1(Ω). By a calculation similar to the
derivation of (2.4) (with w replacing u), and using the fact that [∂w/∂n] = 0, we
get ∫

Ω

∇w · ∇ψ dA = −
∫

Ω

ψRdA. (6.16)
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Thus, w is a weak solution of ∆w = R in Ω, and in fact must be the unique H1

solution of (6.9).
As a result of the regularity assumptions (6.7), R ∈ Cν(Ω̄). Recall that Ω =

(−L, L) × (−L, L). For ε > 0, let Ωε = (−L + ε, L − ε) × (−L + ε, L − ε), and
assume that ε is small enough that Ω+ ⊂ Ω2ε. According to the fact stated before

the lemma, w ∈ C2+ν(Ω̄ε). Since u ∈ C4(Ω̄−), and b̃ and AJ are smooth in Ω−, we
have w ∈ C2(Ω̄−). From w ∈ C2+ν(Ω̄ε) ⊂ C2(Ω̄ε) and w ∈ C2(Ω̄−), it follows that
w ∈ C2(Ω̄).

�

Remark 6.3. The cutoff function ρ used in the proof above is only an analytical
tool. It is not used in our algorithms.

Remark 6.4. Lemma 6.1 indicates that as an alternative to the methods (5.5) and
(5.7), one could simply use a standard (no singular source terms) finite difference
scheme for the problem (6.9), which has a continuous right hand side. A drawback
to this approach is that one must then construct the cutoff function ρ, making the
scheme more complicated.

Li et. al. [15, 16], in connection with the Immersed Interface Method, have
already observed that problems like (1.1) and (1.7) can be reduced to ones with
a continuous source term. Moreover, they propose actually solving the reduced
problem that they derive. With their setup this is a practical approach; their
formulation does not include any cutoff functions.

Theorem 6.2. Assume that the data and solution satisfy the regularity assumptions

of Lemma 6.1. For the approximations generated by the discretization (5.7), we

have second order accuracy for the approximate solution, and nearly second order

accuracy for the approximate gradient:

Uj,k − u(xj, yk) = O(h2) for all (xj, yk) ∈ Ω̄ ,

∇hUj,k −∇hu(xj, yk) = O(h2 log(1/h)) for all (xj , yk) ∈ Ω .
(6.17)

Proof. Our goal is to apply Theorem 6.1. The quantity in (5.7) corresponding to
Th

j,k is

Th
j,k = ∆h

(

b̂hj,kHj,k

)

−HF2c
j,k ∆hb̂hj,k +HF2c

j,k S
+
j,k + (1 −HF2c

j,k )S−
j,k − Sj,k. (6.18)

Recalling Remark 5.1, the quantity ∆h
(

b̂hj,kHj,k

)

−HF2c
j,k ∆hb̂hj,k = 0 for (xj, yk) /∈

N1. Also, since HF2c
j,k = Hj,k for (xj, yk) /∈ N1, it is clear that HF2c

j,k S
+
j,k + (1 −

HF2c
j,k )S−

j,k − Sj,k = 0 for (xj , yk) /∈ N1. Thus Th
j,k = 0 for (xj, yk) /∈ N1, as required

by Theorem 6.1.
Next we verify the truncation error requirements (6.2) of Theorem 6.1. For

(xj, yk) /∈ N1,

∆hu(xj, yk) − S(xj , yk) = ∆u(xj, yk) + O(h2) − S(xj , yk) = O(h2). (6.19)

This follows from the fact that ∆h is a second order approximation to ∆, that
u satisfies ∆u = S in Ω±, and that u ∈ C4(Ω̄±). To deal with the case where
(xj, yk) ∈ N1 we start by defining

Ah
j,k =

γj,k

|∇hφj,k|2
, Bh

j,k =
γj,k∆hφj,k

|∇hφj,k|4
, Ch

j,k =
γj,k

(
∆hφj,k

)2

|∇hφj,k|4
. (6.20)
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Next, we use the definition (6.18) of Th
j,k and w(xj , yk) = wj,k of Lemma 6.1 to

compute:

∆huj,k − Th
j,k − Sj,k = ∆h

(

wj,k + b̃j,kHj,k − Aj,kJj,k

)

− ∆h
(

b̂j,kHj,k

)

+HF2c
j,k ∆hb̂j,k −HF2c

j,k S
+
j,k − (1 −HF2c

j,k )S−
j,k.

(6.21)

For h sufficiently small, N1 ⊂ Bα/4, implying that ρ(xj , yk) = 1 for (xj, yk) ∈ N1.

As a further consequence, b̂j,k = b̃j,k and S±
j,k = S̃±

j,k for (xj, yk) ∈ N1. Taking this

into account, we continue our calculation of ∆huj,k − Th
j,k − Sj,k:

∆huj,k − Th
j,k − Sj,k

= ∆hwj,k + ∆h
(

b̃j,kHj,k

)

− ∆h (Aj,kJj,k)

− ∆h
(

b̃hj,kHj,k

)

+HF2c
j,k ∆hb̃hj,k −HF2c

j,k S̃
+
j,k − (1 −HF2c

j,k )S̃−
j,k

= ∆hwj,k − ∆h (Aj,kJj,k) +HF2c
j,k ∆hb̃hj,k −HF2c

j,k σj,k − S̃−
j,k

(6.22)

Recalling that γ = ∆b̃− σ, we obtain

∆huj,k − Th
j,k − Sj,k

= ∆hwj,k − ∆h (Aj,kJj,k) + γj,kH
F2c
j,k − S̃−

j,k.
(6.23)

Next, we substitute the identity

γj,kH
F2c
j,k = Ah

j,k∆hJj,k −Bh
j,k∆hKj,k + Ch

j,kJj,k, (6.24)

obtaining

∆huj,k − Th
j,k − Sj,k

= ∆hwj,k − ∆h (Aj,kJj,k) +Ah
j,k∆hJj,k −Bh

j,k∆hKj,k +Ch
j,kJj,k − S̃−

j,k

= ∆hwj,k − Jj,k∆hAh
j,k − 2〈Ah, J〉j,k − Bh

j,k∆hKj,k +Ch
j,kJj,k − S̃−

j,k

− ∆h (Aj,kJj,k) + ∆h
(
Ah

j,kJj,k

)

= ∆wj,k − Jj,k∆Aj,k − 2∇Jj,k · ∇Aj,k − Bj,k∆Kj,k + Cj,kJj,k − S̃−
j,k

︸ ︷︷ ︸

=0by Lemma 6.1

+ ∆hwj,k − ∆wj,k
︸ ︷︷ ︸

E1

−
(
Jj,k∆hAh

j,k − Jj,k∆Aj,k

)

︸ ︷︷ ︸

E2

−2
(
〈Ah, J〉j,k −∇Jj,k · ∇Aj,k

)

︸ ︷︷ ︸

E3

−
(
Bh

j,k∆hKj,k − Bj,k∆Kj,k

)

︸ ︷︷ ︸

E4

+Ch
j,kJj,k −Cj,kJj,k
︸ ︷︷ ︸

E5

−
(
∆h (Aj,kJj,k) − ∆h

(
Ah

j,kJj,k

))

︸ ︷︷ ︸

E6

.

(6.25)
We must verify that each of E1 through E6 is O(h), or smaller, for (xj, yk) ∈ N1.
First, for E1, using the fact (from Lemma 6.1) that w ∈ C2(Ω̄), ∆hwj,k = ∆wj,k +
O(h), and so E1 = O(h). For E2 and E5,

E2 =
(
∆hAh

j,k − ∆Aj,k

)
Jj,k, E5 =

(
Ch

j,k −Cj,k

)
Jj,k. (6.26)
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Since Jj,k = O(h2) for (xj, yk) ∈ N1, and the quantities in the parentheses are
bounded (or smaller), we have E2 = O(h2) and E5 = O(h2). For E3, note that

∇Jj,k · ∇Aj,k = Ij,k∇φj,k · ∇Aj,k, (6.27)

and this quantity is O(h) for (xj, yk) ∈ N1 due to the factor of Ij,k. Similarly, using
(3.6) and the mean value theorem, one finds that the quantity 〈Ah, J〉j,k = O(h)
for (xj , yk) ∈ N1, and thus E3 = O(h). Concerning E4,

∆Kj,k = Ij,k |∇φ|2 +
1

2
Jj,k∆φj,k = O(h) for (xj, yk) ∈ N1. (6.28)

Similarly, an application of the mean value theorem gives ∆hKj,k = O(h) for
(xj, yk) ∈ N1, and since each of the quantities Bh

j,k and Bj,k is bounded, we have

E4 = O(h). Finally, to deal with E6, we write

E6 =
(
Aj,k − Ah

j,k

)
∆hJj,k + Jj,k

(
∆hAj,k − ∆hAh

j,k

)
+ 2〈A −Ah, J〉j,k. (6.29)

The first term isO(h2) since Aj,k−Ah
j,k = O(h2) and ∆hJj,k is bounded. The second

term is O(h4) since Jj,k is O(h2) for (xj , yk) ∈ N1 and ∆hAj,k − ∆hAh
j,k = O(h2).

The third term can be dealt with in much the same way as E3, and is O(h2). �

7. Numerical examples.

Below we present the results of numerical experiments. Except for Example 6,
the data of all of the examples satisfy the smoothness hypotheses of Theorem 6.2.
In each case the computational domain is the square Ω = [−1, 1]× [−1, 1]. We use
the notation

|Eu|∞ = max
(xj,yk)∈Ω̄

|u(xj, yk) − Uj,k| ,

|E∇hu|∞ = max
(xj,yk)∈Ω

∣
∣∇hu(xj, yk) −∇hUj,k

∣
∣ .

(7.1)

When using the discretization (5.7), we approximated the quantity b̂j,k using

b̂hj,k = bj,k +

(
∂b

∂n
(xj , yk) − aj,k

)

φj,k/
∣
∣∇h,4φj,k

∣
∣ . (7.2)

Here ∇h,4 denotes the fourth order discrete gradient operator:

∇h,4φj,k = (4/3)∇hφj,k − (1/3)∇2hφj,k. (7.3)

In our numerical experiments we measure the observed rate of convergence by
repeatedly halving the mesh size. With E(h) denoting the error using mesh size h,
the empirical rate of convergence is then

Rate =
log(E(h)/E(1

2h))

log(2)
. (7.4)

Concerning the rate of convergence predicted for the discrete gradient produced by
the discretization (5.7), note that if E(h) = h2 log(1/h), then

lim
h→0

log(E(h)/E(1
2h))

log(2)
= 2, (7.5)

so that in our examples, this rate of convergence may be indistinguishable from a
second order rate of convergence.
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Table 1. Example 1.

Jump Data a1, using (5.5) Jump Data a1, using (5.7)
h |Eu|∞ Rate |E

∇h
u
|
∞

Rate |Eu|∞ Rate |E
∇h

u
|
∞

Rate

.05 5.504e−4 3.077e−3 1.105e−3 2.878e−3

.05/2 1.420e−4 1.95 1.003e−3 1.62 2.832e−4 1.96 8.940e−4 1.69

.05/4 3.566e−5 1.99 2.898e−4 1.79 7.170e−5 1.98 2.514e−4 1.83

.05/8 9.258e−6 1.94 7.908e−5 1.87 1.804e−5 1.99 6.687e−5 1.91

Jump Data a2, using (5.5) Jump Data a2, using (5.7)
h |Eu|∞ Rate |E

∇h
u
|
∞

Rate |Eu|∞ Rate |E
∇h

u
|
∞

Rate

.05 7.947e−4 8.470e−3 1.098e−3 2.990e−3

.05/2 2.168e−4 1.87 4.633e−3 0.87 2.508e−4 2.13 7.271e−4 2.04

.05/4 5.710e−5 1.93 2.457e−3 0.91 5.988e−5 2.07 1.845e−4 1.98

.05/8 1.507e−5 1.92 1.308e−3 0.91 1.461e−5 2.04 4.719e−5 1.97

Example 1. This example is borrowed from [10]; see also [7, 17, 24, 32, 37].

The problem is (1.1) with S = 0. Ω+ is the disk r = 1/2 and r =
√

x2 + y2. The
data is chosen so that the solution of the problem is

u(x, y) =

{

1, r < 1/2,

1 + log(2r), r ≥ 1/2.
(7.6)

From (7.6), one finds that [u] = 0, [∂u/∂n] = −2. For a level set function, we
use φ(x, y) = 1/2 − r, which is a signed distance function. The boundary data f
is defined by (7.6), and for the jump data a and b, we tested with two versions;
denoted a1, b1 and a2, b2:

a1(x, y) = −2, b1(x, y) = 0,

a2(x, y) = −2 exp(r − 1/2), b2(x, y) = 0.
(7.7)

Example 2. For this example S = 0 again. This time the level set function is
φ(x, y) =

(
x2 − y2

)
− (.4 + log(r)), which is not a signed distance function. The

data is chosen so that the solution of the problem is

u(x, y) =

{

.4 + log(2r) =: u−(x, y), φ(x, y) ≤ 0,

x2 − y2 =: u+(x, y), φ(x, y) > 0.
(7.8)

From (7.8), one finds that [u] = 0, and since φ(x, y) = u+(x, y)−u−(x, y), [∂u/∂n] =
− |∇φ|. We tested with two versions of the derivative jump data.

a1(x, y) = − |∇φ| , b1(x, y) = 0,

a2(x, y) = (1 − xyφ(x, y))a1(x, y), b2(x, y) = 0.
(7.9)

Example 3. This example is borrowed from [10]; see also [17, 37]. In this

example, S = 0, and there is a jump in both u and ∂u/∂n. With r =
√

x2 + y2 ,
Ω+ is the open disk r < 1/2. The solution of the problem is

u(x, y) =

{

ex cos(y), r < 1/2,

0, r ≥ 1/2,
(7.10)

which implies that [u] = ex cos(y), [∂u/∂n] = ex(x cos(y) − y sin(y)). We ran two
tests. In the first one, we used the signed distance function φ1 = 1/2 − r for the
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Figure 2. Example 1. Jump in ∂u/∂n.

Table 2. Example 2.

Jump Data a1, using (5.5) Jump Data a1, using (5.7)
h |Eu|∞ Rate |E

∇h
u
|
∞

Rate |Eu|∞ Rate |E
∇h

u
|
∞

Rate

.05 6.787e−4 9.076e−3 8.030e−4 7.559e−3

.05/2 1.532e−4 2.15 3.103e−3 1.55 1.856e−4 2.11 1.958e−3 1.95

.05/4 3.730e−5 2.04 9.368e−4 1.73 4.876e−5 2.01 4.876e−4 2.01

.05/8 9.520e−6 1.97 2.973e−4 1.66 1.154e−5 2.00 1.219e−4 2.00

Jump Data a2, using (5.5) Jump Data a2, using (5.7)
h |Eu|∞ Rate |E

∇h
u
|
∞

Rate |Eu|∞ Rate |E
∇h

u
|
∞

Rate

.05 6.787e−4 9.102e−3 1.111e−3 9.204e−3

.05/2 1.532e−4 2.15 3.163e−3 1.53 2.530e−4 2.13 2.367e−3 1.96

.05/4 3.744e−5 2.03 1.061e−3 1.58 6.230e−5 2.02 6.019e−4 1.98

.05/8 9.640e−6 1.96 3.963e−4 1.42 1.550e−5 2.01 1.521e−4 1.98

level set function. The jump data for this test is

a1(x, y) = 2eξ (ξ cos(η) − η sin(η)) , b1(x, y) = eξ cos(η),
∂

∂n
b1(x, y) = 0,

ξ =
1

2
cos(θ), η =

1

2
sin(θ).

(7.11)
Here θ is the polar angle defined by x = r cos(θ), y = r sin(θ).

In the second test, we used φ2 = 1/4 − r2, and

a2(x, y) = 2ex(x cos(y) − y sin(y)), b2(x, y) = ex cos(y),

∂

∂n
b2(x, y) = (xex cos(y) − yex sin(y)) /r.

(7.12)
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Figure 3. Example 2. Jump in ∂u/∂n.
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Figure 4. Example 3. Jump in u and ∂u/∂n.

Example 4. This example is borrowed from [10]; see also [17]. We used φ(x, y) =
1/2− r for the level set function, which is a signed distance function. Again S = 0,
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Table 3. Example 3.

Jump data φ1, a1, b1, using (5.5). Jump data φ1, a1, b1, using (5.7).
h |Eu|∞ Rate |E

∇h
u
|
∞

Rate |Eu|∞ Rate |E
∇h

u
|
∞

Rate

.05 1.127e−3 7.385e−3 2.928e−4 1.129e−3

.05/2 3.345e−4 1.76 4.247e−3 0.80 7.168e−5 2.03 2.993e−4 1.92

.05/4 9.043e−5 1.88 2.337e−3 0.86 1.767e−5 2.02 7.742e−5 1.95

.05/8 2.279e−5 1.99 1.274e−3 0.88 3.378e−6 2.01 1.987e−5 1.96

Jump data φ2, a2, b2, using (5.5). Jump data φ2, a2, b2, using (5.7).
h |Eu|∞ Rate |E

∇h
u
|
∞

Rate |Eu|∞ Rate |E
∇h

u
|
∞

Rate

.05 6.174e−4 1.040e−2 1.516e−3 4.342e−3

.05/2 1.950e−4 1.66 6.329e−3 0.72 3.657e−4 2.05 1.146e−3 1.92

.05/4 5.669e−5 1.78 3.707e−3 0.77 8.950e−5 2.03 2.970e−4 1.95

.05/8 1.568e−5 1.85 2.059e−3 0.85 2.213e−5 2.02 7.584e−5 1.97

Table 4. Example 4.

Jump data φ1, a1, b1, using (5.5). Jump data φ1, a1, b1, using (5.7).

h |Eu|∞ Rate |E
∇h

u
|
∞

Rate |Eu|∞ Rate |E
∇h

u
|
∞

Rate

.05 9.565e−4 7.169e−3 2.646e−4 1.251e−3

.05/2 2.844e−4 1.75 4.082e−3 0.81 6.393e−5 2.05 3.238e−4 1.95

.05/4 7.725e−5 1.88 2.243e−3 0.86 1.566e−5 2.02 8.518e−5 1.93

.05/8 1.961e−5 1.98 1.192e−3 0.91 3.878e−6 2.02 2.139e−5 1.99

Jump data φ2, a2, b2, using (5.5). Jump data φ2, a2, b2, using (5.7).

h |Eu|∞ Rate |E
∇h

u
|
∞

Rate |Eu|∞ Rate |E
∇h

u
|
∞

Rate

.05 4.2e−16 3.9e−15 4.2e−16 3.9e−15

.05/2 2.6e−15 N/A 3.1e−14 N/A 2.6e−15 N/A 3.1e−14 N/A

.05/4 2.8e−14 N/A 1.5e−13 N/A 2.8e−14 N/A 1.5e−13 N/A

.05/8 7.7e−14 N/A 5.6e−13 N/A 7.7e−14 N/A 5.6e−13 N/A

and this time the solution is

u(x, y) =

{

x2 − y2 , r < 1/2,

0, r ≥ 1/2,
(7.13)

which yields [u] = x2 − y2, [∂u/∂n] = 4(x2 − y2). As in the previous examples, we
tested two versions. For the first version, we express the jump data using

a1(x, y) = 4(ξ2 − η2), b1(x, y) = ξ2 − η2,
∂

∂n
b1(x, y) = 0,

ξ =
1

2
cos(θ), η =

1

2
sin(θ).

(7.14)

For the second version, we used φ2(x, y) = 1/4 − r2, and

a2(x, y) = 4(x2 − y2), b2(x, y) = x2 − y2,
∂

∂n
b2(x, y) = 4(x2 − y2). (7.15)

With this data, the computed solution is exact, modulo rounding error. Also,
although we do not display the results, we also get essentially the exact solution if
we replace φ2 by the signed distance function φ1.

Example 5. This example comes from [16]. In polar coordinates (r, θ), the level
set function is

φ(r, θ) = 0.5 + 0.1 sin(4θ + π) − r, θ ∈ [0, 2π]. (7.16)
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Figure 5. Example 4. Jump in u and ∂u/∂n.

The solution is

u(r, θ) =

{

r4 =: u−(r, θ), φ ≤ 0,

r2 sin(θ) =: u+(r, θ), φ > 0.
(7.17)

This problem has a nonzero source term, given by

S(r, θ) =

{

3 sin(θ), φ ≤ 0,

16r2, φ > 0.
(7.18)

We emphasize that we are still using a Cartesian mesh (a polar mesh is used in
[16]). As before, we tested with two sets of jump data. First, we used

b1 = u+ − u−, a1 =
∂b1
∂n

. (7.19)

For our second set of data, we used

b2 = (1 − xφ)b1, a2 = (1 − xy sin(φ))a1. (7.20)

Note that for this data, a2 6= ∂b2/∂n.
Example 6. This example is similar to Example 3, the difference being that

the region Ω+ is now a semicircle. The purpose is to test our algorithms in the case
where Γ is Lipschitz continuous, but only piecewise smooth. Theorem 6.2 does not
apply to this example. We represent the semicircle via the level set function

φ(x, y) = min (φ1(x, y), φ2(x, y)) .

where φ1(x, y) = 1/2 −
√

x2 + y2 and φ2(x, y) = (y − x)/
√

2. The solution of the
problem is

u(x, y) =

{

0, φ ≤ 0,

ex cos(y), φ > 0.
(7.21)
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Table 5. Example 5.

Jump data a1, b1, using (5.5). Jump data a1, b1, using (5.7).
h |Eu|∞ Rate |E

∇h
u
|
∞

Rate |Eu|∞ Rate |E
∇h

u
|
∞

Rate

.05 1.583e−3 2.488e−3 1.583e−3 2.488e−3

.05/2 3.957e−4 2.00 6.368e−4 1.97 3.957e−4 2.00 6.368e−4 1.97

.05/4 9.893e−5 2.00 1.610e−4 1.98 9.893e−5 2.00 1.610e−4 1.98

.05/8 2.473e−5 2.00 4.050e−5 1.99 2.473e−5 2.00 4.050e−5 1.99

Jump data a2, b2, using (5.5). Jump data a2, b2, using (5.7).
h |Eu|∞ Rate |E

∇h
u
|
∞

Rate |Eu|∞ Rate |E
∇h

u
|
∞

Rate

.05 1.675e−3 9.491e−3 2.581e−3 7.022e−3

.05/2 4.130e−4 2.02 5.171e−3 0.88 6.471e−4 2.00 1.985e−3 1.83

.05/4 1.030e−4 2.00 2.178e−3 1.25 1.620e−4 2.00 5.411e−4 1.88

.05/8 2.589e−5 1.99 1.168e−3 0.90 4.088e−5 1.99 1.430e−4 1.92
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Figure 6. Example 5. Jump in u and ∂u/∂n.

For jump data, we used

a(x, y) = (1 − sin(φ))

{

∇(ex cos(y)) · (−∇φ1), |φ1| ≤ |φ2| ,
∇(ex cos(y)) · (−∇φ2), |φ2| > |φ2| ,

b(x, y) = (1 − φ)qex cos(y), q = 2,
∂

∂n
b(x, y) =

{

∇b · (−∇φ1), |φ1| ≤ |φ2| ,
∇b · (−∇φ2), |φ2| > |φ2| .

(7.22)
We used q = 2 in order to make the jump data b ∈ C1. With q = 1, b has jumps in
its first partial derivatives, and the approximations seem not to converge.
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Table 6. Example 6.

Using (5.5). Using (5.7).
h |Eu|∞ Rate |E

∇h
u
|
∞

Rate |Eu|∞ Rate |E
∇h

u
|
∞

Rate

.05 2.984e−3 1.471e−2 3.759e−3 2.419e−2

.05/2 7.233e−4 2.04 6.702e−3 1.07 9.224e−4 2.03 9.605e−3 1.33

.05/4 1.542e−4 2.23 3.433e−3 0.97 1.866e−4 2.31 3.210e−3 1.56

.05/8 3.523e−5 2.13 1.330e−3 1.36 4.194e−5 2.15 1.262e−3 1.35
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Figure 7. Example 6. Jump in u and ∂u/∂n.

8. Conclusion.

We have devised two finite difference schemes, (5.5) and (5.7), for the Poisson
interface problem (1.1). These schemes discretize certain level set formulations of
the problem that contain singular source terms. We have discretized the singular
source terms using finite difference methods. For one of our algorithms, we have
used the result of [2] to prove second order accuracy for the approximate solution,
and nearly second order accuracy for the discrete gradient.

For algorithm (5.7), Examples 1 through 5 in the previous section confirm the
accuracy predicted by the theorem mentioned above. For algorithm (5.5), our
numerical tests indicate second order accuracy for the approximate solution. For
the discrete gradient produced by (5.5), the empirical convergence rate could be
as low as first order (or slightly less), and as high as second order, depending on
the problem. In some examples, algorithm (5.5) gives a somewhat more accurate
approximation of the undifferentiated variable u than algorithm (5.7). This explains
our interest in algorithm (5.5), despite that fact that we do not have a convergence
proof, and that the accuracy of the discrete gradient is not optimal.
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Although we did not display the results, we also computed the truncation error
Uj,k − Sj,k − Th

j,k as a part of our numerical experiments. For (5.7), the trunca-

tion error for Examples 1 through 5 was O(h), in agreement with Theorem 6.2.
For (5.5) the truncation error was variable, and seemed to roughly correlate with
the empirical rate of convergence of the discrete gradient. The relationship seems
to be (roughly) that an O(hp−1) truncation error implies an O(hp) (or possibly
O(hp log(1/h))) error in the discrete gradient.

Finally, we used closed form expressions for ∂b/∂n to obtain the results shown in
Tables 1 through 6, but we also tested our algorithms with a second order difference
approximation to ∂b/∂n, specifically

∂b

∂n

∣
∣
∣
(xj,yk)

≈ −∇hbj,k · ∇hφj,k

|∇hφj,k|
. (8.1)

This generally resulted in larger errors, but the observed rates of convergence in-
dicated in Tables 1 through 5 (where Γ is smooth) were unchanged. For Example
6 (where Γ is only Lipschitz), we observed a decrease in the rates of convergence.
Algorithm (5.5) gave better than first order convergence for u and slightly less than
first order convergence for the discrete gradient. Algorithm (5.7) resulted in less
than first order convergence for u, and the discrete gradient seemed not to converge
in the L∞ norm.
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