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Summary. We study a clarifier-thickener unit considering that its cross-sectional
area is not constant in both the clarification and the thickening zones. A math-
ematical model of sedimentation in such a vessel can be formulated as an initial
value problem for a scalar conservation law with a nonconvex spatially varying flux
and several types of discontinuities with respect to the space variable. Weak solu-
tions of this non-standard conservation law are approximated by an extension of
the well-known Engquist-Osher scheme. The key new ingredient is the discretiza-
tion of the discontinuous flux parameters on a grid staggered against that of the
conserved (sought) variable. The mathematical model and the numerical scheme
are illustrated by a number of simulations.

1 Introduction

The kinematic theory of one-dimensional sedimentation of ideal suspensions
originated in Kynch’s paper [26]. Its main assumption states that in a sus-
pension of small equal-sized solid particles dispersed in a viscous fluid, con-
sidered as a superposition of two continuous phases, the solid-fluid relative
or slip velocity v, is a function of the local solids concentration u only. Under
this assumption and defining the so-called Kynch batch flux density function
h(u) := u(1 — u)v.(u), we can state the governing equation for batch settling
of a suspension in a cylindrical closed vessel as the scalar conservation law
u¢+h(u), = 0. The function h(u) depends on the material specific properties
of the mixture under study. A very frequently used function is [30]

h(u) = voou(l —u)"™, Voo >0, n>1, (1)

where vo, > 0 is the settling velocity of a single particle in an unbounded
pure fluid. It should be pointed out that the kinematic sedimentation model
forms an example of the general theory of kinematic waves by Lighthill and
Whitham [28, 34], and is very similar to the kinematic theory of traffic flow
on highways. It soon turned out that the kinematic wave theory bears severe
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shortcomings in the practical application to traffic flow, which essentially are
due to the fact that cars equipped with anisotropic ‘driver psychology’ can not
simply be described as a flowing continuum. This led to the (apparently, still
controversial [16]) postulation of additional ‘momentum’ equations [2, 21]. On
the other hand, numerous studies (see [10, 11] for overviews) and extensive
use in industry have established the kinematic sedimentation theory as a
useful description for the settling of a variety of materials such as mineral
tailings, wastewater and blood. Due to its simplicity, the traffic flow model is
used in many textbooks as an instructive applicative example for a nonlinear
scalar conservation law. However, the application of the same equation (but
with a non-convex flux) to sedimentation of suspensions has gained more
practical importance.

In its ‘raw’ form, the equation us + h(u), = 0 applies to batch settling in
a closed column. Practitioners very soon used the kinematic sedimentation
theory for design calculations of continuously operated settling tanks, so-
called thickeners, by adding a transport term ¢(¢)u to the flux density function
h(u), where ¢(t) is a controllable mixture flow velocity [22, 32]. This results
in the equation

ue + (q(t)u + h(u))x = 0. (2)

Several researchers recognized that information on whether a cylindrical con-
tinuous thickener is able to treat a given suspension with a known function
h(u) under stationary flow conditions can essentially be read off from plots
of the continuous flux function qu + h(u) (with ¢ = ¢(t) kept constant)
[23, 24, 31, 35]. However, to use (2) for the simulation of continuous sedimen-
tation, one needs to explicitly model the feed and discharge mechanisms and
to provide (in the widest sense) boundary conditions. At the latest at this
point engineering intuition had to give way to serious mathematical analysis.

Petty [29] was the first to propose Dirichlet boundary concentrations for
Eq. (2), but recognized that the resulting model was not well-posed since over-
flow and underflow concentration waves may break through the feed and dis-
charge boundary levels, such that in dependence of the solution u, prescribed
boundary data are ignored. The well-posedness of a scalar conservation law
with boundary conditions was recovered by the concept of (set-valued) en-
tropy boundary conditions developed by Bardos et al. [3], Dubois and Le
Floch [19] and Le Roux [27]. In a series of papers, Bustos and her co-workers
utilized this new concept to provide a rigorous mathematical framework to
continuous sedimentation, including existence and uniqueness results [14] and
constructions of elementary solutions [12] and a control model [13].

In spite of its amenability to mathematical analysis, the Petty-Bustos
model [12, 13, 14, 29] suffers from some drawbacks. Among them is the lack
of a global conservation principle due to the use of Dirichlet boundary con-
ditions, and the complete neglect of a clarification zone. It is preferable to
replace the Dirichlet boundary conditions by transitions between the trans-
port flux ¢(z,t)u and the composite flux g(x,t)u + h(u), which leads to a
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Fig. 1. Vertical cross-section of an axisymmetric clarifier-thickener unit character-
ized by its cross-sectional area function S(z).

pure initial value problem. Moreover, the feed suspension should enter be-
tween the overflow outlet at the top and the discharge outlet at the bottom.
This gives rise to an upwards-directed volume average velocity ¢ < 0 above
and a downwards-directed velocity ¢, > 0 below the feed level. The feed
source itself is modeled by a singular source term.

Thorough constructions and classifications of solutions of clarifier-thicken-
er models were presented in a series of papers by Diehl, see [17, 18] and the
references cited therein. We have adopted a more computational approach
and are interested in devising numerical methods for clarifier-thickener units
for proving existence of weak solutions and to provide a simulation tool.
Thereby we can also include a quasi-one-dimensional formulation of a ver-
tical vessel with a variable cross-sectional area S(z), where —1 < z <1
is the dimensionless depth variable. For such a configuration it is at least
complicated [1] to construct exact solutions by the method of characteristics.
Within our finite differencing framework, it is not even necessary to assume
that S(z) is a continuous function of depth z, i.e. we allow S(z) to have
jumps. Such jumps occur, for example, at the feed level due to the internal
feed mechanism, see Figure 1.

The remainder of the paper is organized as follows. In Section 2 the gov-
erning equation for continuous sedimentation in a vessel with varying cross
section is derived in some detail. In the formulation of the final initial value
problem we add the feed source to the model for constant cross-sectional area
formulated in [6, 7, 8]. Moreover, weak solutions are defined and the main
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convergence result is stated. In Section 3 the numerical method is outlined
and its basic properties are stated. In Section 4 we present (and discuss)
numerical examples in the application to clarifier-thickener models.

2 Mathematical model

We assume that x = —1 is the overflow level, = 0 corresponds to the
feed level and = = 1 is the discharge level, and assume that the unknown
volumetric solids concentration u depends on depth only, i.e., u = u(z,1t).
Then the conservation of mass equations for the solids and the fluid are

S(x)us + (S(:c)uvs)x =0, (3)
—S(@)us + (S(z)(1 - U)Uf)m =0, (4)

respectively, where ¢ is time and vs and v¢ are the solids and the fluid phase
velocities. The mixture flux, that is the volume average flow velocity weighted
with S(z), is given by Q(z,t) := S(z)(uvs + (1 — uw)ve).

The sum of (3) and (4) produces the continuity equation of the mixture,
Q. =0for -1 <z <0and 0 <z <1andt >0, which implies that Q(-,?)
is constant as a function of z. Since @ only suffers a jump across the feed
source level z = 0, we get for t > 0

_JQ(-1,t) =Qu(t) for -1 <z <0,
Qa,t) = {Q(l,t) = QR(Lt) for0 <z <1, (5)

where Q1,(t) < 0and Qr(t) > 0 are the signed volumetric suspension overflow
and discharge rates, respectively, prescribed by the control of the suspension
volume flows at £ = —1 and = = 1. Note that we here identify a downwards
flow with a flow to the right. Equation (5) is equivalent to one of the mass
balance equations. We let (5) replace (4) and rewrite (3) in terms of the flow
rate Q(z,t) and the solid-fluid relative velocity or slip velocity v, := vs — vy,
for which a constitutive equation will be formulated. Observing that

Q(z, t)u

uvs = (uvs + (1 —w)vg)u + u(l — u)(vs — vg) = 5@

+u(l —u)v, (6)
and assuming for a moment that no solids enter the vessel at z = 0, we obtain
from (3) S(z)us + (Q(z,t)u + S(x)u(l — u)vy), = 0. Expressing v, in terms
of h(u), we arrive at S(z)u; + (Q(z, t)u + S(w)h(u))z = 0. The function h is
assumed to be piecewise differentiable with h(u) = 0 for u < 0 or © > Umax,
where Uy is the maximum solids concentration, h(u) > 0 for 0 < u < Umax,
h'(0) > 0 and A/ (umax) < 0. For simplicity we assume that umax = 1.

For the analysis we assume that h € C?[0,1], and that h is genuinely non-
linear in the sense that |h"| > 0 except for finitely many inflection points. Sev-
eral authors have studied one-dimensional sedimentation in non-cylindrical
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vessels [1, 5, 15, 17, 33] under the assumption that S is a smooth function
of z. We here assume that .S is only piecewise continuous, which means that
the diameter jumps. In this case the available mathematical and numerical
theory breaks down. We assume that 0 < Spin < S(x) < Spax for z € R
and | S|y, < 00, and that the initial data ug satisfies ug € L*(R) N BV(R),
0 < ug(z) < 1 for z € R. To simplify the problem further, we assume
QL(t) = Qr = Const. and Qr(t) = Qr = Const. As in [6, 7], we assume that
at x = 1, the composite flux Qru + S(x)h(u) is changed to the discharge
transport flux Qru, and that at z = 0, a feed source is located. To model
this feed source, we recall that a clarifier-thickener unit with S = Sy = const.
can be modeled by the equation u; + §(u,z), = 0 with the composite flux

qLu for z < —1,
. gru + h(u) + (gr — qr)ur for 0 < z < 1,
g(u, o) = qru + h(u) for -1 <z <0,
gru + (qr, — qr)up for x > 1,

where ¢, = QL/So < 0 and gr = Qr/So > 0 are the prescribed volume
overflow and discharge rates, respectively, divided by the cross-sectional area,
and up € [0, umax| is the concentration of the suspension fed into the unit
through the singular source at £ = 0 at the volumetric rate Qr = Qr — Q1.
Subtracting the constant term (g1, —gr )ur from the flux §(u, ), we can finally
state our problem as the initial-value problem

S(x)us + g(u,z), =0, z€R, t>0, (7a)
Qu(u — ur) for z < —1,
_ Qu(u —ur) + S(x)h(u) for -1 <z <0,
9(u,7) = Qrup + Qr(u — ur) for z > 1, (7b)
Qr(u —ur) + S(x)h(u) for 0 <z <1,
u(z,0) =up(z), x €R; wp(z) €[0,umax] forall =x. (7c)

Independently of the smoothness of g(u,-) and of ug, solutions of (7b)—(7c)
are in general discontinuous, and so weak solutions must be sought.

Definition 1. A bounded measurable function u(x,t) is a weak solution of
(7) if for all test functions ¢ € D(IIT) such that ¢|l(—7 =0,

//HT (S(@yudy + g(u,2)6,) dedt + /Ruo(:c)¢(:z:,0)5(:n) de=0. (8)

Our latest result, which is proved in [9], is stated in the following theorem:

Theorem 1. There exists a weak solution to (7), and this weak solution can
be constructed as a limit of a sequence of approzimate solutions constructed
by a finite difference scheme.
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3 Numerical method

To facilitate the notation and analysis, we define the composite flux function
f(y(z),u) := g(u,z), where v(z) := (y1(z),72(z)) is the vector of the flux
parameters v (z) := S(z)x[-1,1)(z) and ¥ (z) := Qr, for x <0 and y2(z) :=
QR for z > 0. In this notation, we have f(v,u) = v2(u—ur)+v1h(u) + Qrur-
Thus the initial value problem for the conservation law (7b) reads

S(@)us + f(v(2),u), =0, u(z,0) = uo(z). (9)

We now define a numerical method for (9). We choose a discretization Az,
At, set xj := jAz, t" := nAt,and then discretize the coefficient vector 7, the
initial data, and the cross sectional area by setting

ity = A / x)dz, U]0 A /ug ) dz, S]—A— / S(z

il‘J7§ Tj—

Let A_ and A, denote backward and forward spatial difference operators.
For n > 0 we define Ul' ~ u(z;,t") by the explicit marching formula

U‘;,’H“l = U]n — )\jA_fEO(’YjJr%, U]‘nJrlaU]n)a (10)

where \; = At/(S;Az), and f¥O is defined by

o) = 5 () + e = [Cifrwla). ap

which is a slight generalization of the standard Engquist-Osher flux [20)].

An important feature of our scheme is that the discretization of the pa-
rameter vector «y is staggered with respect to that of the conserved variable u.
This greatly simplifies both the scheme and its analysis. Were the two dis-
cretizations aligned, more complicated 2 x 2 Riemann problems would have to
be solved. Mesh staggering allows us to use a simple scalar Riemann solver.

Our choice of the Engquist—Osher Riemann solver is motivated by two
considerations. First, it results in an upwind scheme, allowing for relatively
sharp resolution of discontinuities. Second, the Engquist—Osher flux has a
close functional relationship with a certain singular mapping to be introduced
below, which has enabled us to prove convergence (along a subsequence) of the
approximate solutions generated by the scheme. The following lemma, proved
in [9], summarizes some important properties of our difference scheme.

Lemma 1. Let f;} (w) = max(f,(w),0), f, (w) = min(f,(w),0). If the ratio
Ax /At is chosen so that the following CFL condition is satisfied

AJ|fJ(7]+%7U}1)_f'z:('y‘y—%aU]n” Sla VjGZ, (12)
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then the computed solutions remain in the interval [0, 1], the CFL condition
(12) holds for each succeeding time step, and the scheme (10) is monotone.
In addition, there exists a constant C, independent of A, such that

MUt —UPIS;Ax <> |US - UY|S;Ax < CAL.
jez JEZ

Let x™ denote the characteristic function of [t,,¢n41) and x; the character-
istic function of [z;_1,2;1). We then define

WA, t) = 3 ST UGN O, and @) = 3 v e @).

n>0j€Z JEZ

As mentioned above, our main result is convergence of a subsequence of the
approximations u? to a weak solution u of the conservation law. The key
ingredient in the proof is the use of a so-called singular mapping, defined by
U(vy,u) = fou | fu(y, w)|dw. For these problems, a bound on the total vari-
ation of the conserved quantity v is very difficult, if not impossible, which
makes it necessary to use the singular mapping approach. We transform the
numerical approximations according to z2 = ¥(y4,u?), and prove compact-
ness for the the transformed sequence z2. Since ¥ is continuous and strictly
increasing in its second argument, it is possible to recover the limit of the
conserved variable u by inverting ¥. The scheme also satisfies a set of cell
entropy inequalities. For limit solutions that are piecewise smooth, it follows
from the results in [25] that certain geometric entropy conditions are satisfied,
and that such solutions form an L' contraction semigroup.

4 Numerical examples

The physical problem and the finite difference scheme from Section 3 are
now illustrated by some numerical examples. As in [4, 5], we assume that the
function h is given by (1) with voo = 1 and n = 5. Here, we let a clarifier-
thickener unit be defined by the dimensionless function (see Figure 1)

0.5 — 1.5625(z + 0.6)> for z € (—1,—0.6],

0.25 for z € (—0.6,—-0.4],
S(z) =<0.5 for z € (—0.4,0],

1 for z € (0,0.5],

1—32(z —0.5)* for z € (0.5,1).

In the numerical examples (see Figure 2) we use Az = 1/100 and A = 0.05.
Note that the computational grid is finer than the visual grid used to display
the results. The four cases correspond to different parameters Q1,, @r and up,
which are chosen as constants (with respect to ¢) and produce different modes



8 R. Biirger, K. H. Karlsen, N. H. Risebro, and J. D. Towers

of behavior of the clarifier-thickener unit. See [18] for detailed analytical
predictions of the clarifier-thickener response to operating conditions.

The first case (Figure 2 upper left) corresponds to Qr, = —0.1, Qg = 0.1
and up = 0.4. The simulation shows that the solids initially settle exclusively
into the thickening zone (z > 0) and form a rising sediment, which breaks
through the feed level (z = 0) at about ¢ = 20. The particles entering the clar-
ification zone (z < 0) start to produce an overflow of clarified suspension at
about ¢t = 29. The shape of the concentration surface in that zone reflects the
vessel geometry, and that there the solution becomes stationary. The system
converges to a steady state of simultaneous clarification and thickening.

The second case (Figure 2 upper right) is produced by @1, = —0.1, Qr =
0.4 and ur = 0.4. This choice again leads to a steady state, but the solids
immediately start at ¢ = 0 to enter the clarification zone.

The third case (Figure 2 lower left) corresponds to Q1 = —0.2, Qr =
0.0 and again urp = 0.4, i.e. the vessel is kept closed at its bottom. Thus,
the thickening zone is slowly filled up. Moreover, as in the second example,
particles start immediately to enter the clarification zone. An additional solids
flux into that zone is produced when the rising sediment reaches the feed level.
This leads to an increase of the concentrations in the clarification zone, which
in contrast to the first and second case does not remain stationary.

In the first three examples, the solution at large times reflects the vessel
geometry. This is not valid in the fourth case (Figure 2 lower right), where
we apply a strong feed flux by letting Qr, = —0.2, Qr = 0.2 and urp = 0.8.
In this ‘hydraulic forcing’ situation, the feed slurry immediately breaks into
the clarification zone, which it leaves undiluted. The thickening zone first fills
up successively, with a dilution of the feed suspension and sediment forming,
but then also replenishes with the feed slurry at its feed concentration.
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