
ON A NONLINEAR DEGENERATE PARABOLIC TRANSPORT-DIFFUSIONEQUATION WITH A DISCONTINUOUS COEFFICIENTKENNETH H. KARLSEN, NILS H. RISEBRO, AND JOHN D. TOWERSAbstra
t. We study the Cau
hy problem for the nonlinear (possibly strongly) degenerateparaboli
 transport-di�usion equation�tu+ �x�
(x)f(u)� = �2xA(u); A0(�) � 0;(P)where the 
oeÆ
ient 
(x) is possibly dis
ontinuous and f(u) is genuinely nonlinear, but notne
essarily 
onvex or 
on
ave. Existen
e of a weak solution is proved by passing to the limit as" # 0 of a suitable sequen
e fu"g">0 of smooth approximations solving (P) with the transport
ux 
(x)f(�) repla
ed by 
"(x)f(�) and the di�usion fun
tionA(�) repla
ed by A"(�), where 
"(�)is smooth and A0"(�) > 0. The main te
hni
al 
hallenge is to deal with the fa
t that the totalvariation ju"jBV 
annot be bounded uniformly in ", and hen
e one 
annot derive dire
tly strong
onvergen
e of fu"g">0. In the purely hyperboli
 
ase (A0 � 0), where existen
e has alreadybeen established by a number of authors, all existen
e results to date have used a singularmapping to over
ome the la
k of a variation bound. Here we derive instead strong 
onvergen
evia a series of a priori (energy) estimates that allow us to dedu
e 
onvergen
e of the di�usionfun
tion and use the 
ompensated 
ompa
tness method to deal with the transport term.1. Introdu
tionIn this paper we prove existen
e of a weak solution to the Cau
hy problem for a one-dimensionals
alar degenerate paraboli
 equation with a nonlinear transport term that depends expli
itly onthe spatial position through a 
oeÆ
ient 
(x) that may be dis
ontinuous. More pre
isely, theproblem that we study takes the form(�tu+ �x�
(x)f(u)� = �2xA(u); (x; t) 2 �T = R� (0; T );u(x; 0) = u0(x); x 2 R;(1.1)where T > 0 is �xed, u : �T ! R is the unknown fun
tion that is sought, and 
; f; A; u0 are givenfun
tions. Regarding 
(�), we make the assumption that
 � 
(x) � 
 for some 
onstants 
, 
; j
(x)j > 0 a.e. on R; 
 2 BV (R).(1.2)In other words, the \transport part" of (1.1) depends expli
itly on the spatial lo
ation and thisdependen
y may be dis
ontinuous. Regarding the fun
tion f(�), we assume thatf 2 C2[0; 1℄ with f(0) = f(1) = 0; f genuinely nonlinear,(1.3)but no 
onvexity 
ondition is assumed. As usual, \f genuinely nonlinear" means that there is nosubinterval of [0; 1℄ on whi
h f is linear. We require that the di�usion fun
tion A(�) satis�esA(�) 2 C1([0; 1℄); A(�) nonde
reasing with A(0) = 0:(1.4)Finally, we assume that the initial fun
tion u0(�) satis�esu0 2 L1(R)\L1(R); u0(x) 2 [0; 1℄ for a.e. x 2 R.(1.5)Date: April 5, 2001.1991 Mathemati
s Subje
t Classi�
ation. 35K65,35D05,35R05,35L80.Key words and phrases. degenerate paraboli
 equation, non
onvex 
ux, dis
ontinuous 
oeÆ
ient, weak solution,vis
osity method, 
onvergen
e, a priori estimates, 
ompensated 
ompa
tness.1



2 KARLSEN, RISEBRO, AND TOWERSThe assumption that u0 2 [0; 1℄ is motivated by 
onsiderations like the following. Consider theinitial value problem �tu� �x� sign(x)1 + juj� = 0; u(x; 0) = 0:The entropy solution to this problem isu(x; t) = max(0; s���� tx ����� 1) :Clearly u(x; t) is unbounded, and the reason for this is that f(u) = 1=(1 + juj) 6= 0 for any u.Furthermore, u(x; t) is also an entropy solution if we modify f to readf(u) =8><>:0; u < �1;�3u3 � 5u2 � u+ 1; �1 � u < 0;1=(1 + u); u � 0:In this 
ase f is 
ontinuously di�erentiable, and f(�1) = 0, however f(u) > 0 for all u > �1.Hen
e, to bound weak solutions, we shall need the assumption that there exist numbers � < �su
h that f(�) = f(�) = 0 and that u0(x) 2 [�; �℄ for all x. To make the presentation simple, wenormalize su
h that � = 0, � = 1.As we have just seen, the \degenerate paraboli
ity" 
ondition (1.4) is general enough to in
ludeas a spe
ial 
ase of (1.1) the hyperboli
 
onservation law with dis
ontinuous 
oeÆ
ient:�tu+ �x�
(x)f(u)� = 0:(1.6)This equation is used to model a variety of phenomena, among whi
h are traÆ
 
ow [32℄ and 
owof hydro
arbons in porous media. In addition, su
h equations o

ur when solving Hamilton-Ja
obiequations numeri
ally by dimensional splitting [12℄.Independently of the smoothness of 
(�), if (1.1) is allowed to degenerate at 
ertain points, thatis, A0(s) = 0 for some values of s, solutions are not ne
essarily smooth and weak solutions mustbe sought. A weak solution is de�ned as follows:De�nition 1.1. A weak solution of (1.1) is a measurable fun
tion u = u(x; t) satisfying:(D.1) u 2 L1(�T )TL1(�T ) and A(u) 2 L2(0; T ;H1(R)).(D.2) For all ' 2 D(�T ) with 'jt=T = 0,ZZ�T �u�t'+ �
(x)f(u) � �xA(u)��x'� dt dx+ ZRu0(x)�(x; 0) = 0:(1.7)On the other hand, if A0(s) is zero on an interval [�; �℄, (weak) solutions may be dis
ontinuousand they are not uniquely determined by their initial data. Consequently, an entropy 
onditionmust be imposed to single out the physi
ally 
orre
t solution. If 
(�) is suÆ
iently \smooth", aweak solution u satis�es the entropy 
ondition if for all 
onvex C2 fun
tions � : R! R,�t�(u) + �x�
(x)q(u)� + �2xr(u) + 
0(x)��0(u)f(u) � q(u)� � 0 in D0(�T );(1.8)where q; r : R! Rare de�ned by q0(u) = �0(u)f 0(u) and r0(u) = �0(u)A0(u). By standard limitingargument, (1.8) implies that the Kru�zkov-type entropy 
ondition�tju� 
j+ �x�
(x)sign(u� 
)�f(u) � f(
)��+ �2x jA(u) �A(
)j + 
0(x)sign(u� 
)f(
) � 0(1.9)holds in D0(�T ) for all 
 2 R. For pure hyperboli
 equations, the entropy 
ondition (1.9) wasintrodu
ed by Kru�zkov [17℄ and Vol'pert [30℄. For degenerate paraboli
 equations, it must beattributed to Vol'pert and Hudjaev [31℄. The main referen
e on the uniqueness and stability ofentropy solutions of degenerate paraboli
 equations is the re
ent paper by Carrillo [1℄ (see alsoChen and DiBenedetto [3℄), whi
h in turn is a generalization of Kru�zkov's work on hyperboli
equations. Following [1℄, it was proved in by Karlsen and Risebro [11℄ that the entropy solution



A DEGENERATE PARABOLIC EQUATION WITH A DISCONTINUOUS COEFFICIENT 3of (1.1) (as well as a more general equation in multi-dimensions) is unique when 
(�) is \smooth".Moreover, in the L1(0; T ;BV (Rd)) 
lass of entropy solutions, an L1 
ontra
tion prin
iple as wellas \
ontinuous dependen
e" estimates were proved. Re
ently there seems to be renewed interestin applying \hyperboli
" te
hniques to degenerate paraboli
 equations. For a partial overviewof mathemati
al and numeri
al theory for degenerate paraboli
 equations based on \hyperboli
"te
hniques, see the le
ture notes [5℄.In this paper, we are interested in taking a �rst step towards developing a well-posedness theoryfor degenerate paraboli
 equations with dis
ontinuous 
oeÆ
ients. To be a bit more pre
ise,we aim at proving existen
e of a weak solution to (1.1) when the 
oeÆ
ient 
(x) may dependdis
ontinuously on x. We will also prove uniqueness of the 
onstru
ted weak solution.Let u" be the unique 
lassi
al solution of uniformly paraboli
 problem(�tu" + �x�
"(x)f(u")� = �2xA"(u"); (x; t) 2 �T ;u"(x; 0) = !" � u0; x 2 R;where 
" is a smooth 
oeÆ
ient, A0"(�) > 0, and !" � u0 is a smooth initial fun
tion (see Se
tion3 for pre
ise statements). We prove existen
e of a weak solution of (1.1) by establishing strong
onvergen
e of the sequen
e fu"g">0 of smooth approximations. Roughly speaking, our maintheorem 
an be stated as follows:Main Theorem. The sequen
e of fu"g">0 
onverges strongly in L1 to a weak solution u of (1.1).Finally, a subsequen
e of fA(u")g">0 
onverges uniformly on 
ompa
t sets to a H�older 
ontinuousfun
tion that 
oin
ides with A(u) a.e.Sin
e 
(�) may be dis
ontinuous , the total variation ju"jBV 
annot be bounded uniformly withrespe
t to " > 0. This point will be dis
ussed below when we put this work in perspe
tive byreviewing the available literature on the subje
t (whi
h ex
lusively deals with the hyperboli
 
ase).The la
k of a variation bound prevents an appli
ation of the standard BV 
ompa
tness argumentto fu"g">0. To 
ir
umvent this analyti
al diÆ
ulty, we establish instead strong 
ompa
tness of thedi�usion fun
tion fA"(u")g">0 as well as the \total 
ux" f
"(x)f(u") � �xA"(u")g">0. Using the
ompa
tness of these two sequen
es along with the 
ompensated 
ompa
tness method of Muratand Tartar [20, 21, 22, 25℄ to handle the nonlinear transport term, we get strong 
onvergen
ealong a subsequen
e of fu"g">0 to a weak solution of (1.1). The 
onstru
ted weak solution isunique thanks to a stability result in [11℄. The detailed proofs are found in Se
tion 3, while the
ompensated 
ompa
tness method is re
alled in Se
tion 2.When A0(�) � 0, the 
lassi
al Kru�zkov theory applies to the hyperboli
 problem (1.6) only if the
oeÆ
ient 
 is 
ontinuously di�erentiable. In the 
ase of a dis
ontinuous 
oeÆ
ient, the notion ofentropy solution (1.9) as well as the a

ompanying existen
e and uniqueness theory breaks down.When 
(�) is dis
ontinuous, the hyperboli
 equation (1.6) has often been written as a 2�2 systemof equations to fa
ilitate the analysis:�t
 = 0; �tu+ �x�
f(u)� = 0:(1.10)If f 0(�) 
hanges sign, then this system is non-stri
tly hyperboli
, a situation des
ribed as resonan
e.An important 
onsequen
e of resonan
e is that no a priori bound on the spatial variation of the
onserved quantity is available, in marked 
ontrast to the smooth 
 situation where the Kru�zkovtheory applies. For example, when the initial data is approximated by a sequen
e of pie
ewise
onstant fun
tions, this 
an 
ause the spatial variation to blow up as the dis
retization parametertends to zero [26, 29℄.With no spatial variation bound available for the 
onserved quantity, an alternative method ofestablishing 
ompa
tness is required. To date, all existen
e results for the 
ase of a dis
ontinuous
oeÆ
ient have employed some form of singular mapping, that is a nonlinear transformationof the 
onserved quantity. Indeed, the present work is the �rst to prove strong 
onvergen
e ofapproximate solutions without appealing to the singular mapping te
hnique, whi
h was introdu
edby Temple [26℄ in order to establish 
onvergen
e of the Glimm s
heme for a 2� 2 resonant systemof 
onservation laws modeling the displa
ement of oil in a reservoir by water and polymer. For



4 KARLSEN, RISEBRO, AND TOWERSthe equation (1.6), the singular mapping takes the form	(u; 
) = 
 Z u0 jf 0(�)j d�;(1.11)from whi
h it is 
lear that 	 assigns vanishingly small weight to variations in u in the resonantregions (where f 0 = 0). This makes it possible to establish a uniform variation bound for thetransformed version of the 
onserved quantity, thus establishing 
ompa
tness for the approximatingsequen
e in the transformed variable. The singular mapping 	 is 
ontinuous and stri
tly monotoneas a fun
tion of the 
onserved quantity, whi
h allows the 
onserved quantity to be re
overed afterpassing to the limit in the transformed variable.In addition to the Glimm s
heme, 
onvergen
e has been established for the 2 � 2 Godunovmethod by Lin, Temple, and Wang [18, 19℄. Spe
i�
ally, they applied the 2� 2 Godunov methodto the system �t
 = 0; �tu+ �xf(
(x); u) = 0;(1.12)and used a version of the singular mapping to establish 
ompa
tness (see also Hong [8℄ for an\improved" singular mapping). They also observed that a uniform variation bound (measuredvia the singular mapping) had not been proven for any s
alar s
hemes that apply to (1.12), norfor the 2 � 2 Lax-Friedri
hs method. Su
h bounds have sin
e been established for the s
alarEngquist-Osher and Godunov s
hemes [27, 28℄. Furthermore, with the present work, we add tothat list 
onvergen
e of the vanishing vis
osity/smoothing method. However, no bound has yetbeen established for either the s
alar or 2 � 2 version of the Lax-Friedri
hs s
heme, and thus
onvergen
e is yet to be proven. Numeri
al eviden
e indi
ates that the Lax-Friedri
hs s
heme iswell-behaved on these problems; it is the theory that is de�
ient at this point. Our investigation ofthe 
ompensated 
ompa
tness approa
h, whi
h represents a departure from the singular mappingte
hnique, is partially motivated by our desire to �nd a method that will provide a proof of
onvergen
e for the Lax-Friedri
hs s
heme.The front tra
king method, whi
h is based on the work of Dafermos [4℄ and Holden, Holden,and H�egh-Krohn [7℄, has been applied to a number of hyperboli
 problems with dis
ontinuous
oeÆ
ients. Gimse and Risebro [6℄ used the front tra
king method to study the two phase 
owequation (s denotes the saturation of one of the phases)�ts + �x�f0(s)(1� g(x)k(s))� = 0;(1.13)where f0 is the so-
alled fra
tional 
ow fun
tion, g(x) models the gravitational pull multipliedby the absolute permeability of the porous medium, and k(s) is the relative permeability of therelevant phase. In (1.13), the spatially varying 
oeÆ
ient g(x) may be dis
ontinuous. Gimse andRisebro proved 
ompa
tness of the sequen
e of approximations via a bound on the spatial variation,measured with respe
t to the singular mapping. For the s
alar 
onservation lawwith a 
on
ave 
ux,Klingenberg and Risebro [15℄ used the front tra
king te
hnique to establish existen
e, uniqueness,and asymptoti
 behavior for the Cau
hy problem (1.10). In [15℄ also, the singular mapping was themethod used to establish 
ompa
tness of the approximating sequen
e. Con
erning uniqueness andstability with respe
t to perturbations of the initial data, the dis
ontinuity of the 
ux parameter
ompli
ates the analysis. Spe
i�
ally, the Kru�zkov entropy 
ondition (1.9) no longer makes sense,thus requiring an alternative approa
h. To over
ome this diÆ
ulty, Klingenberg and Risebro useda so-
alled wave entropy 
ondition, whi
h allowed them to prove uniqueness for the limit of theapproximate solutions. For this same 
on
ave 
ux problem, Klausen and Risebro [13℄ proved
ontinuous dependen
e on the 
oeÆ
ient 
 and on the initial data. The approa
h in [13℄ was toprove that the solution 
onstru
ted via the front tra
king approa
h is the limit of the solutionsthat result when the 
oeÆ
ient 
 is smoothed. The 
lassi
al Kru�zkov L1 stability theory applieswhen 
 is smoothed, and the limit solution inherits this stability. The front tra
king method hasalso been applied to the situation where the 
ux f is neither 
on
ave nor 
onvex. Klingenbergand Risebro [14℄ established existen
e and uniqueness for the non
onvex 
ux f(u) = sin(u) foru 2 [��; �℄. A version of the singular mapping was used here also, and uniqueness was establishedby passing to the limit in a sequen
e of solutions 
orresponding to a smoothed version of 
.



A DEGENERATE PARABOLIC EQUATION WITH A DISCONTINUOUS COEFFICIENT 5Convergen
e of s
alar di�eren
e s
hemes for the 
ase of a smooth spatially varying 
ux hasbeen known for many years. For 
 2 C2 �Rd�, 
onvergen
e of the Lax-Friedri
hs s
heme and theupwind s
heme was proved in [23℄. Under weaker 
onditions on 
, e.g., 
0 2 BV , and for f 
onvexin u, 
onvergen
e of the one-dimensional Godunov method for (1.10) (not for (1.1)) was shownby Isaa
son and Temple in [9℄, see Karlsen and Risebro [10℄ for the multi-dimensional degenerateparaboli
 
ase. For the 
ase of a dis
ontinuous 
oeÆ
ient, Towers [27℄ proved 
onvergen
e of thes
alar Godunov and Engquist-Osher methods for essentially the same 
on
ave problem studied byKlingenberg and Risebro [15℄, and using the same version of the singular mapping as those authors.For pie
ewise smooth solutions, uniqueness was establish via an L1 stability proof similar to the
lassi
al proof of Quinn [24℄ for the 
onstant 
 
onservation law. For the Engquist-Osher s
heme,Towers [28℄ extended the 
onvergen
e proof to the 
ase of a 
ux f having any �nite number ofextrema. The question of uniqueness of limits of the di�eren
e s
heme was not addressed for thenon
onvex problem. We plan to address this question in a later work, whi
h will also dis
ussuniqueness for the more general problem (1.1).The singular mapping approa
h to 
onvergen
e for these s
alar di�eren
e s
hemes appears todepend strongly on the 
lose fun
tional relationship between the vis
osity of the Engquist-Osher
ux, the Kru�zkov entropy 
ux, and the singular mapping. This is true even for the Godunovs
heme, where the proof depends on the fa
t that the Engquist-Osher 
ux is nearly identi
al tothe Godunov 
ux when f is 
on
ave. This reinfor
es our impression that the singular mappingapproa
h is not readily appli
able to the Lax-Friedri
hs s
heme, and further motivates our interestin the 
ompensated 
ompa
tness approa
h.The 
ase where the 
ux f is non
onvex has re
eived less attention in the literature than the
onvex/
on
ave 
ase, presumably due to additional analyti
al 
omplexity. An attra
tive featureof the vanishing vis
osity/smoothing approa
h presented herein is that the absen
e or presen
e ofin
e
tion points does not enter the analysis, and so no 
onvexity 
ondition is required for the 
uxf . The (small) pri
e to pay for this is that we must assume that there is no interval where f islinear. Also, sign 
hanges of 
 are handled without any spe
ial 
onsiderations. Sign 
hanges in 
are 
ommonly ruled out [15, 14, 13, 27, 28℄, again due to added analyti
al te
hni
alities.2. Compensated Compa
tnessIn this se
tion we re
apitulate the results we shall use from the 
ompensated 
ompa
tnessmethod due to Murat and Tartar [20, 21, 22, 25℄. For a ni
e overview of appli
ations of the
ompensated 
ompa
tness method to hyperboli
 
onservation laws, we refer to Chen [2℄.Let M(Rn) denote the spa
e of bounded Radon measures on Rn andC0(Rn) = �	 2 C (Rn) : limjxj!1	(x) = 0� :If � 2M(Rn), then 
�;	� = ZRn	 d�; for all 	 2 C0(Rn):Re
all that � 2M(Rn) if and only if ��
�;	��� � C k	kL1(Rn) for all 	 2 C0(Rn). We de�nek�kM(Rn) = supn��
�;	��� : 	 2 D(Rn); k	kL1(Rn) � 1o :The spa
e �M(Rn); k�kM(Rn)� is a Bana
h spa
e and it is isometri
ally isomorphi
 to the dualspa
e of �C0(Rn); k�kL1(Rn)�, while we de�ne the spa
e of probability measures Prob(Rn) asProb(Rn) = n� 2M(Rn) : � is nonnegative and k�kM(Rn) = 1o :Then we 
an state the fundamental theorem in the theory of 
ompensated 
ompa
tness.Theorem 2.1. Let K � Rn be a bounded open set and u" : �T ! K. Then there exists a familyof probability measures f�(x;t)(�) 2 Prob(Rn)g(x;t)2�T (depending weak-� measurably on (x; t))su
h that supp �(x;t) � K for a.e. (x; t) 2 �T :



6 KARLSEN, RISEBRO, AND TOWERSFurthermore, for any 
ontinuous fun
tion � : K ! R, we have along a subsequen
e�(u") �* � in L1(�T ) as " # 0;where (the ex
eptional set depends possibly on �)�(x; t) := 
�(x;t);�� = ZRn�(�) d�(x;t)(�) for a.e. (x; t) 2 �T :In the literature, �(x;t) is often referred to as a Young measure. Theorem 2.1 provides us witha representation formula for weak limits in terms of nonlinear fun
tions and Young measures. Auniformly bounded sequen
e fu"g">0 
onverges to u a.e. on �T if and only if the 
orrespondingYoung measure �(x;t) redu
es to a Dira
 measure lo
ated at u(x; t), i.e., �(x;t) = Æu(x;t).We have the following \redu
tion" result:Lemma 2.1. Let K � R be a bounded open set and u" : �T ! K. Suppose that u" �* u inL1(�T ). Suppose also that for any pair of (not ne
essarily 
onvex) C2 fun
tions �1; �2 : R! R,we have along a subsequen
e
(x)q1(u")�2(u")� �1(u")
(x)q2(u") �* 
(x) q1 �2 � �1 
(x) q2 in L1(�T ) as " # 0;(2.1)where qi : R! R is de�ned by q0i(u) = �0i(u)f 0(u), i = 1; 2. Then along a subsequen
e
(x)f(u") �* 
(x)f(u) in L1(�T ) as " # 0:Furthermore, if 
(x) 6= 0 for a.e. x 2 R and there is no interval on whi
h f(�) is linear, then asubsequen
e of fu"g">0 
onverges to u a.e. on �T .Proof. Applying Theorem 2.1 for the sequen
e fu"g with �(�) = q1(�)�2(�)� �1(�)q2(�), we getthat 
(x)q1(u")�2(u")� �1(u")
(x)q2(u") �* 
(x)q1�2 � �1
(x)q2 in L1(�T ) as " # 0:From this and assumption (2.1), we get the following Murat-Tartar 
ommutation relation:
(x)hq1 �2 � �1 q2 � q1�2 � �1q2i = 0 for a.e. (x; t) 2 �T .(2.2)Following Chen [2℄, we 
hoose�1(�) = �� u(x; t); q1(�) = f(�) � f(u(x; t));�2(�) = q1(�); q2(�) = Z �u(x;t)�f 0(�)�2 d�;and note that �1 � 0. Inserting this 
hoi
e into the 
ommutation relation (2.2) yields
(x)"�ZR�f(�) � f(u(x; t))� d�(x;t)(�)�2+ ZR ��� u(x; t)�Z �u(x;t)�f 0(�)�2 d� � �f(�) � f(u(x; t))�2! d�(x;t)(�)# = 0:(2.3)By the Cau
hy-S
hwartz inequality(f(�) � f(u(x; t)))2 =  Z �u(x;t) f 0(�) d�!2 � �� � u(x; t)�Z �u(x;t)(f 0(�))2 d�;with equality if and only if f 00(�) = 0 for all � between u(x; t) and �. Hen
e, if 
(x) 6= 0, bothterms in (2.3) must be zero. The �rst term being zero implies that f (x; t) = f(u(x; t)). Hen
e, bythe boundedness of 
, we 
an 
on
lude that 
(x)f = 
(x)f(u) a.e. on �T . In view of Theorem2.1, this proves the �rst part of the proposition.The se
ond part of the theorem follows by observing that if 
; f 00 6= 0 a.e., then the fa
t that these
ond term in (2.3) is zero implies �(x;t) = Æu(x;t) a.e. on �T (sin
e f is assumed to be genuinelynonlinear).



A DEGENERATE PARABOLIC EQUATION WITH A DISCONTINUOUS COEFFICIENT 7Remark 2.1. If 
(�) = 0 on a set of non-zero measure, then it is not possible to 
on
lude that(a subsequen
e of) u" 
onverges strongly to u nor that f(u") �* f(u) in L1(�T ). Nevertheless,Proposition 2.1 
an be used to prove that the L1(�T ) weak-� limit u is a weak solution of (1.1).Moreover, if this was our only goal, then we 
ould have repla
ed the C2 assumption on f by merelyC1, or even Lips
hitz. To see this, we do as Tartar did and insert the fun
tions�1(�) = �; q1(�) = f(�);�2(�) = j� � u(x; t)j ; q2(�) = sign(� � u(x; t))�f(�) � f(u(x; t))�into the Murat-Tartar 
ommutation relation (2.2). Of 
ourse, now we suppose that (2.1) holds for�1(�) = � and any 
onvex (Lips
hitz 
ontinuous) fun
tion �2 : R! R. The result is
(x)"f ZRj� � u(x; t)j d�(x;t)(�) � u ZRsign(�� u(x; t))�f(�) � f(u(x; t))� d�(x;t)(�)� ZR�f(�) j� � u(x; t)j � � sign(� � u(x; t))�f(�) � f(u(x; t))�� d�(x;t)(�)# = 0;whi
h 
an be rewritten as
(x) ZR�� f(x; t)� f(�)� j�� u(x; t)j+ ��� u(x; t)�sign(� � u(x; t))�f(�) � f(u(x; t))��d�(x;t)(�) = 0;(2.4)or 
(x)�f(u(x; t)) � f (x; t)� ZRj� � u(x; t)j d�(x;t)(�) = 0:Consequently, we have either 
(x)f (x; t) = 
(x)f(u(x; t)) or, if 
(x) 6= 0, f = f(u(x; t)) or�(x;t) = Æu(x;t), whi
h also implies 
(x)f (x; t) = 
(x)f(u(x; t)). This proves our 
laim.Before we 
ontinue, we need to re
all the 
elebrated Div-Curl lemma.Lemma 2.2 (Div-Curl). Let Q � R2 be a bounded domain. Supposev1" * v1; v2" * v2;w1" * w1; w2" * w2;in L2(Q) as " # 0. Suppose also that the two sequen
es�div �v1" ; v2"�	">0 and �
url �w1"; w2"�	">0 lie in a (
ommon) 
ompa
t subset of H�1lo
 (Q),where div �v1" ; v2"� = �x1v1" + �x2v2" and 
url �w1" ; w2"� = �x1w2" � �x2w1". Then along a subsequen
e�v1" ; v2"� � �w1" ; w2"�! �v1; v2� � �w1; w2� in D0(Q) as " # 0.Theorem 2.2. Suppose that fu"g">0 � L1(�T ) uniformly in ". Suppose also that for any C2fun
tion � : R! R, the sequen
e of distributions��t�(u") + �x�
(x)q(u")�	">0 lies in a 
ompa
t subset of H�1lo
 (�T );(2.5)where q : R! R is de�ned by q0(u) = �0(u)f 0(u). Then along a subsequen
eu" �* u in L1(�T ) as " # 0; 
(x)f(u") �* 
(x)f(u) in L1(�T ) as " # 0:(2.6)Furthermore, if 
(x) 6= 0 for a.e. x 2 R and there is no interval on whi
h f(�) is linear, then asubsequen
e of fu"g">0 
onverges to u a.e. on �T .Proof. Let �1; �2 : R! R be a pair of C2 fun
tions and de�ne qi by q0i(u) = �0i(u)f 0(u), i = 1; 2.Consider then the ve
tor �eldsv" = (�1(u"); 
(x)q1(u")) ; w" = (�
(x)q2(u"); �2(u")) :



8 KARLSEN, RISEBRO, AND TOWERSIn view of Theorem 2.1, the L1 bounds on u" and 
(x) imply that along subsequen
esv" �* v := (�1; 
(x)q1) in L1(�T ); w" �* w := (�
(x)q2; �2) in L1(�T ):By assumption (2.5), the sequen
esfdiv (v")g">0 = ���t�1(u") + �x�
(x)q1(u")�	">0 ;f
url (w")g">0 = ��t�2(u") + �x�
(x)q2(u")�	">0lie in a (
ommon) 
ompa
t subset of H�1lo
 (�T ). Also, we have fv"g">0 ; fw"g">0 � L1(�T ) andtherefore fv"g">0 ; fw"g">0 � L2lo
(�T ) uniformly in ". The Div-Curl lemma then gives (up to theextra
tion of a subsequen
e) v" �w" ! v �w in D0(�T ):Sin
e we work with bounded fun
tions, we have that fv" �w"g">0 
onverges weakly-� in L1(�T )along a subsequen
e to (ne
essarily) v �w. Therefore along a subsequen
e
(x)q1(u")�2(u")� �1(u")
(x)q2(u") �* 
(x) q1 �2 � �1 
(x) q2 in L1(�T ):In view of Lemma 2.1, this 
on
ludes the proof.The following 
ompa
tness interpolation result (known as Murat's lemma [22℄) is useful inobtaining the H�1lo
 
ompa
tness needed in Theorem 2.2.Lemma 2.3. Suppose that fL"g">0 is bounded in W�1;1lo
 (�T ). Suppose also that L" = L1" + L2",where �L1"	">0 lies in a 
ompa
t subset of H�1lo
 (�T ) and �L2"	">0 lies in a bounded subset ofMlo
(�T ). Then fL"g">0 lies in a 
ompa
t subset of H�1lo
 (�T ).3. Existen
e of Weak SolutionExisten
e of a weak solution will be proved by establishing 
onvergen
e of a suitable sequen
eof smooth fun
tions solving regularized problems. Let ! 2 C10 (R) be a nonnegative fun
tionsatisfying !(x) = !(�x), !(x) � 0 for jzj � 1, and RR!(z) dz = 1. For " > 0, let !"(x) = 1"! �x"�and introdu
e the \smoothed" 
oeÆ
ient 
" = !" � 
. We then denote by u" the unique 
lassi
alsolution of uniformly paraboli
 problem(�tu" + �x�
"(x)f(u")� = �2xA"(u"); (x; t) 2 �T ;u"(x; 0) = !" � u0; x 2 R;(3.1)where A"(u) = A(u)+"u. Our goal is to pass to the limit in u" as " # 0. As was already mentionedin the introdu
tion, our main problem is the la
k of a BV estimate on u" (whi
h is uniform in ")and hen
e strong 
onvergen
e of fu"g">0. Instead, we shall derive a series of a priori estimateswhi
h will imply strong 
ompa
tness of fA(u")g">0. This strong 
ompa
tness together with somea priori estimates on the \total 
ux" 
"(x)f(u") � �xA"(u") will make it possible for us to usethe 
ompensated 
ompa
tness method to obtain the desired strong 
onvergen
e. Finally, we willprove (this is the easy part) that any limit point of a 
onvergent subsequen
e of fu"g">0 is a weaksolution of (1.1). Uniqueness of the 
onstru
ted weak solution is a dire
t 
onsequen
e of a stabilityresult in [11℄. Before 
ontinuing, let us also mention that the 
ompensated 
ompa
tness methodhas been applied before to 
ertain degenerate paraboli
 equations (with smooth 
oeÆ
ients) byZhao [34℄ and Yin [33℄.Our �rst lemma gives uniform L1 and L1 estimates on u" (the proof of the latter exploitsassumption (1.3)).Lemma 3.1. There exists a 
onstant C > 0, independent of ", su
h thatku"(�; t)kL1(R) ; ku"(�; t)kL1(R) � C; for all t 2 (0; T ):Proof. From the L1 
ontra
tion property proved in [11℄ it follows thatku"(�; t)kL1(R) � ku"(�; 0)kL1(R) ; for all t 2 (0; T ):



A DEGENERATE PARABOLIC EQUATION WITH A DISCONTINUOUS COEFFICIENT 9Regarding the L1 estimate, we will prove that if u0(x) 2 [0; 1℄ then u"(x; t) 2 [0; 1℄ for all (x; t).For Æ > 0, we let v solve the auxiliary initial value problem�tv + �x�
"(x)f(v)� = �2xA"(v) � Æ; v(x; 0) = u"(x; 0):(3.2)It is straightforward to show that for ea
h " > 0, v ! u" strongly in L1(�T ) as Æ # 0. SetK = n(x; t) j v(x; t) > 1 and t < To:If K is nonempty, set �t = infft 2 Kg. By 
ontinuity there must be a point �x su
h that v(�; �t) hasa lo
al maximum at �x and v(�x; �t) = 1. Furthermore�xv (�x; �t) = 0; �2xv (�x; �t) � 0; and �tv (�x; �t) � 0:Using (3.2) at (�x; �t), and the assumption that 0 = f(1) = f(v(�x; �t)), we �nd that0 � �tv (�x; �t) + �x
"(�x)f (v (�x; �t)) + 
"(�x)f 0 (v (�x; �t)) �xv (�x; �t)=A00" (v (�x; �t)) (�xv (�x; �t))2 +A0" (v (�x; �t)) �2xv (�x; �t)� Æ � �Æ < 0:This 
ontradi
tion implies that K is empty, and v(x; t) � 1 in �T , hen
e also u"(x; t) � 1 in �T .Similarly one shows that u"(x; t) � 0.Our next lemma provides us with a uniform L2(�T ) spa
e and time translation estimate onA(u"), and hen
e strong L2lo
 
ompa
tness of fA(u")g">0. Later we will use this lemma to pass tothe limit in the nonlinear di�usion term.Lemma 3.2. There exists a 
onstant C > 0 whi
h depends on T but not " su
h that


A(u"(�+ y; �+ � ))� A(u"(�; �))


L2(�T�� ) � C �jyj+p��; 8y 2 R and 8� � 0:(3.3)In parti
ular, we have that fA(u")g">0 is strongly 
ompa
t in L2lo
(�T ).Proof. Multiply �tu" + �x�
"(x)f(u")� = �x�A0"(u")�xu"� by u" and then do integration by partsin x to obtain ZZ�T �12�t(u")2 � 
"(x)f(u")�xu" + A0"(u")(�xu")2� dt dx = 0:From this equality it follows thatZZ�T A0"(u")(�xu")2 dt dx = 12 ku"(�; 0)k2L2(R)� 12 ku"(�; t)k2L2(R)+ ZZ�T 
"(x)�xF(u") dt dx;where F(u") = R u"0 f(�) d�. Integration by parts gives������ZZ�T 
"(x)�xF(u") dt dx������ = ������ZZ�T �x
"(x)F(u") dt dx������ � C T j
jBV (R) ;so that we end up withZZ�T A0"(u")(�xu")2 dt dx � 12 ku"(�; 0)k2L2(R)+C T j
jBV (R) � C;where the 
onstant does not depend ". From this and Lemma 3.1, we 
on
lude thatZZ�T ��xA(u")�2 dt dx � maxu A0(u) ZZ�T A0(u")(�xu")2 dt dx � C;(3.4)



10 KARLSEN, RISEBRO, AND TOWERSwhere the 
onstant C does not depend on ". From this it immediately follows that (3.3) holdswhen � = 0. To show that (3.3) holds when y = 0 we 
al
ulate as followsZZ �T���A(u"(x; t+ � ))� A(u"(x; t))�2 dt dx� kAkLip ZZ �T�� �Z t+�t �tu"(x; �) d�� (A(u"(x; t+ � ))� A(u"(x; t))) dt dx� kAkLip ZZ �T�� �Z t+�t ���x�
"(x; �)f(u"(x; �))�+ �2xA"(u"(x; �))� d��� �A(u"(x; t+ � ))� A(u"(x; t))�dt dx= kAkLip Z �0 �ZZ �T�����x�
"(x; t+ s)f(u"(x; t+ s))� + �2xA"(u"(x; t+ s))�� �A(u"(x; t+ � ))� A(u"(x; t))�dt dx�ds� kAkLip Z �0 �ZZ �T�� 
"(x; t+ s)f(u"(x; t+ s))��xA(u"(x; t+ � )) � �xA(u"(x; t))�dt dx+ ZZ �T�� ��xA"(u"(x; t+ s))��xA(u"(x; t+ � ))� �xA(u"(x; t))�dt dx�ds� 2 kAkLip ��k
"f(u")kL2(�T ) k�xA(u")kL2(�T ) + k�xA"(u")kL2(�T ) k�xA(u")kL2(�T )�� C �;where we have used the equation for u" and H�older's inequality.Equipped with the uniform spa
e and time translation estimate (3.3), it is an easy exer
ise touse Kolmogorov's 
ompa
tness 
riterion to 
on
lude the proof of the lemma.From Lemma 3.1 we know that M := ku"kL1(�T ) � 1 (uniformly in "). LetK = max�2[0;1℄ jA(�)j = A(1):For any fun
tion � 2 C ([0;K℄), we then havek� (A(u"))kL1(�T ) � C;so that along a subsequen
e � (A(u")) �* � in L1(�T );(3.5)and, from Theorem 2.1,�(x; t) = ZR� (A(�)) d�(x;t)(�); 8(x; t) 2 �T nN�;(3.6)for some ex
eptional set N� that depends possibly on � and jN�j = 0. One 
an 
hoose a sequen
ef�jg1j=1 � C ([0;K℄) (e.g., the polynomials with rational 
oeÆ
ients) that is dense in C ([0;K℄)and set N = 1[j=1N�j :(3.7)Then jN j = 0 and(3.6) holds at any point (x; t) 2 �T nN for ea
h � 2 C ([0;K℄):(3.8)



A DEGENERATE PARABOLIC EQUATION WITH A DISCONTINUOUS COEFFICIENT 11From Lemmas 3.1 and 3.2, we know that A(u") 
onverges along a subsequen
e to some fun
tionA a.e. on �T . In view of (3.8), we may assume without loss of generality that	 �A(x; t)� = lim"#0 	(A(u"(x; t))) = ZR	(A(�)) d�(x;t)(�) for all (x; t) 2 �T nN;(3.9)for any � 2 C ([0;K℄). Sin
e A(u"(x; t)) 2 [0;K℄ for all " > 0, we have from (3.9) (with 	(�) = �)that A(x; t) 2 [0;K℄ for all (x; t) 2 �T nN:Let u denote the L1(�T ) weak-� limit of fu"g">0. We 
an assume without loss of generality thatu(x; t) = ZR� d�(x;t)(�) for all (x; t) 2 �T nN .(3.10)For � 2 [0;K℄, de�ne the fun
tionsl(�) = minn� 2 [0; 1℄ : A(�) = �o; L(�) = maxn� 2 [0; 1℄ : A(�) = �o:(3.11)In the spe
ial 
ase where A(�) is stri
tly in
reasing (so that the inverse fun
tion A�1(�) exists),l(�) = L(�) = A�1(�) for all �. The fun
tion l(�) is left-
ontinuous and hen
e lower semi
ontinuous,while the fun
tion L(�) is right-
ontinuous and hen
e upper semi
ontinuous. Furthermore,l(A(�)) � � � L(A(�)) for all � 2 [0; 1℄;l(A(�)) = � = L(A(�)) for a.e. � 2 [0; 1℄:Observe that l �A(x; t))� � L �A(x; t)� for all (x; t) 2 �T nN:(3.12)For any (x; t) 2 �T nN , introdu
eI(x; t) := �l �A(x; t)� ; L �A(x; t)��and, in view of (3.12), observe that I(x; t) is a single point or a 
losed interval. We shall also needthe (measurable) setsH := n(x; t) 2 �T nN : l (A(u(x; t))) < L (A(u(x; t)))o;P := n(x; t) 2 �T nN : l (A(u(x; t))) = L (A(u(x; t)))o:(3.13)We now have the following lemma:Lemma 3.3. We have(i) supp �(x;t) � I(x; t) for all (x; t) 2 �T nN ,(ii) �(x;t) = Æu(x;t) for all (x; t) 2 P , and(iii) A(x; t) = A(u(x; t)) for all (x; t) 2 �T nN .Proof. Suppose that there exists a point (x0; t0) 2 �T nN su
hsupp �(x0;t0) 6� I(x0; t0);whi
h implies that �(x0;t0)�[0; 1℄ n I(x0; t0)� > 0:Observing that A(�) 6= A(x0; t0); 8� 2 [0; 1℄ n I(x0; t0);we get, from (3.6) (with 	(�) = ��� �A(x0; t0)��)0 � ��A(x0; t0)�A(x0; t0)�� = ZR��A(�) � A(x0; t0)�� d�(x0;t0)(�)� Z[0;1℄nI(x0;t0) ��A(�) � A(x0; t0)�� d�(x0;t0)(�) > 0;whi
h is a 
ontradi
tion. This proves (i).



12 KARLSEN, RISEBRO, AND TOWERSStatement (ii) follows immediately from (i) sin
e by (3.10), if (x; t) 2 P and I(x; t) is a singlepoint, l �A(x; t)� = L �A(x; t)� = ZR� d�(x;t)(�) = u(x; t):From (ii) and (3.9) (with 	(�) = �), we know already that (iii) holds for all (x; t) 2 P . Let(x; t) 2 H and keep in mind that I(x; t) is now an interval on whi
h A(�) is 
onstant. Hen
e, from(3.9) and (3.10) we getA(x; t) = ZI(x;t)A(�) d�(x;t)(�) = A ZI(x;t) � d�(x;t)(�)! = A(u(x; t)):Thus, we have shown that (iii) holds for all (x; t) 2 (HSP ) = �T nN .Remark 3.1. Note statement (ii) of Lemma 3.3 implies that fu"g">0 
onverges to u a.e. on P .The proof of this 
laim is 
lassi
al. Let K := P T[a; b℄ for any a; b 2 R (this is a measurable set),and note that u2" �* u2 in L1(K). Then we haveZZK �u" � u�2 dt dx = ZZK �u2" � 2u"u+ u2� dt dx! 0 as " # 0;from whi
h the 
laim follows.In the next lemma we sum up the 
ompa
tness properties of the \di�usion part" of (3.1).Lemma 3.4. A subsequen
e of fA(u")g">0 
onverges strongly to A(u) in L2lo
(�T ), where u isthe L1(�T ) weak-� limit of fu"g">0. Furthermore,A(u) 2 L1(�T )\L2(0; T ;H1(R)):Proof. The proof is an immediate 
onsequen
e of Lemmas 3.2 and 3.3.Before we 
ontinue, we shall need the following interpolation lemma due to Kru�zkov [16℄:Lemma 3.5 (Kru�zkov [16℄). Let u(x; t) be a bounded measurable fun
tion de�ned on �T . Assumethat there exists a nonde
reasing 
ontinuous fun
tion (where we indi
ate the dependen
e on u bywriting \ ;u ") �(�;u) : [0;1)! [0;1) su
h that �(0;u) = 0 andZRju (x+ y; t) � u(x; t)j dx � �(jyj ;u); 8y 2 R;8t 2 (0; T ):(3.14)Suppose that for any � 2 C10 (R) and any t1,t2 2 (0; T ),����ZR�u (x; t2)� u (x; t1)��(x) dx���� � C�k�kL1(R) + k�x�kL1(R)� jt2 � t1j ;(3.15)where the 
onstant does not depend on � or t. Then for any t1; t2 2 (0; T ) and all " > 0ZRju(x; t2)� u(x; t1)j dx � C� jt2 � t1j" + �(";u)� :(3.16)Our next lemma provides us with a series of priori estimates that imply strong 
ompa
tnessof the \total 
ux" sequen
e f
"(x)f(u") � �xA"(u")g">0. However, these a priori estimates onlyhold if the initial fun
tion u0 satis�es, in addition to (1.5), the stronger regularity 
onditionj
(x)f(u0)� �xA(u0)jBV (R) <1:(3.17)In the proof of the next lemma, we shall need the approximate sign fun
tionsign�� := (sign(�) if j�j > �;�=� if j�j � �; � > 0:(3.18)Lemma 3.6. Suppose that (3.17) holds and introdu
e the fun
tionv"(x; t) = 
"(x)f(u") � �xA"(u"):There exists a 
onstant C > 0, independent of ", su
h that for all t 2 (0; T )



A DEGENERATE PARABOLIC EQUATION WITH A DISCONTINUOUS COEFFICIENT 13(i) kv"(�; t)kL1(R) � C,(ii) jv"(�; t)jBV (R) � C,(iii) kv"(�; t+ � ) � v"(�; t)kL1(R) � Cp�; 8� � 0.In parti
ular, we have that fv"g">0 is strongly 
ompa
t in L1lo
(�T ).Proof. We rewrite v" as v"(x; t) = Z x �tu"(�; t) d�;and observe that v" satis�es the linear uniformly paraboli
 equation�tv" + 
"(x)f 0(u")�xv" = �x�A0"(u")�xv"�:(3.19)Then the maximum prin
iple for (3.19) giveskv"(�; t)kL1(R) � kv"(�; 0)kL1(R) :We shall derive a BV estimate for v". Di�erentiate (3.19) with respe
t to x, set w" = �xv",multiply with sign�w", and integrate over (x; s) 2 �t := R� [0; t℄. The �nal result readsZZ�t ��tw"sign�w" + �x�
"(x)f 0(u")w"�sign�w" � �2x�A0"(u")w"�sign�w"� ds dx = 0:Sin
e for ea
h �xed " > 0, �xw" is summable,ZZ�t �x�
"(x)f 0(u")w"�sign�w" ds dx = � ZZ�t 
"(x)f 0(u")w" sign0� (w") �xw" ds dx! 0 as � # 0:Similarly, for ea
h �xed " > 0 we haveZZ�t �2x�A0"(u")w"�sign�w" ds dx = � ZZ�t �x�A0"(u")w"� sign0� (w") �xw" ds dx= � ZZ�t �xA0"(u")w" sign0� (w") �xw" ds dx� ZZ�t A0"(u") sign0� (w") (�xw")2 ds dx� � ZZ�t �xA0"(u")w" sign0� (w") �xw" ds dx! 0 as � # 0;sin
e �xA0(u") is bounded. Finally,ZZ�t �tw"sign�w" ds dx = ZZ�t �t Z w"(x;t)0 sign�(�) d�! ds dx= ZR Z w"(x;T )0 sign�(�) d�! dx� ZR Z w"(x;0)0 sign�(�) d�! dx:! ZRjw"(x; T )j dx� ZRjw"(x; 0)j dx as � # 0.Summing up, RRjw"(x; t)j dx = RRjw"(x; 0)j dx. From this we 
on
lude thatjv"(�; t)jBV (R) � jv"(�; 0)jBV (R) :



14 KARLSEN, RISEBRO, AND TOWERSWe next prove that v" is L1 H�older 
ontinuous in time with exponent 1=2. Multiplying (3.19) bya test fun
tion ' 2 C10 and then do integration by parts, we getZR�tv"'(x) = � ZR
"(x)f 0(u")�xv"'(x) dx+ ZRA0"(u")�xv"�x'(x) dx� C�k'kL1(R)+ k�x'kL1(R)�;sin
e v" is of bounded variation. Consequently,ZR�v"(x; t+ � )� v"(x; t)�'(x) dx � C�k'kL1(R)+ k�x'kL1(R)��:Using Kru�zkov's interpolation lemma (Lemma 3.5), we 
an 
on
lude thatZR��v"(x; t+ � )� v"(x; t)��dx � Cp� :The estimates (i) { (iii) and an appli
ation of Kolmogorov's 
ompa
tness 
riterion 
on
ludesthe proof of the lemma.To be able to use the 
ompensated 
ompa
tness method to treat the \nonlinear transport part"of (3.1), we need the next lemma.Lemma 3.7. Suppose that (3.17) holds. Then for any C2 fun
tion � : R! R, the sequen
e ofdistributions ��t�(u") + �x�
(x)q(u")�	">0 lies in a 
ompa
t subset of H�1lo
 (�T );where q : R! R is de�ned by q0(u) = �0(u)f 0(u).Proof. Let us de�ne the distribution L" byhL"; 'i = ZZ�T ��(u")�t' + 
(x)q(u")�x'� dt dx; ' 2 D(�T ):Using the equation for u" and the de�nition of q, in the sense of distributions we have�t�(u") + �x�
(x)q(u")�= �0(u")�2xA"(u") + �x�[
(x) � 
"(x)℄ q(u")� + 
0"(x)�q(u")� �0(u")f(u")�= �x��0(u")�xA"(u")�� �00(u")A0"(u")��xu"�2+ �x�[
(x) � 
"(x)℄q(u")�+ 
0"(x)�q(u") � �0(u")f(u")�:(3.20)In view of (3.20), we therefore havehL"; 'i = 
L1"; '�+ 
L2"; '�+ 
L3"; '�+ 
L4"; '� ;where 
L1"; '� = ZZ�T �0(u")�xA"(u")�x'dt dx;
L2"; '� = ZZ�T �00(u")A0"(u")��xu"�2'dt dx;
L3"; '� = ZZ�T [
(x) � 
"(x)℄ q(u")�x'dt dx;
L4"; '� = � ZZ�T 
0"(x)�q(u")� �0(u")f(u")�'dt dx:



A DEGENERATE PARABOLIC EQUATION WITH A DISCONTINUOUS COEFFICIENT 15Using Lemma 3.1 and (3.4), we get������ZZ�T �00(u")A0"(u")��xu"�2 dt dx������ � C;and hen
e ��
L2"; '��� � C k'kL1(�T ). Again thanks to to Lemma 3.1 and the fa
t that j
"jBV (R)is bounded uniformly with respe
t to ", we also have��
L4"; '��� � C k'kL1(�T ) :Therefore 

L2" + L4"

M(�T ) � C, i.e., �L2" + L4"	">0 is bounded in M(�T )Next, we have ��
L3"; '��� � k
 � 
"kL2(�T ) k�x'kL2(�T ) ! 0 as " # 0;so that �L3"	">0 is 
ompa
t in H�1lo
 (�T ). Finally, let us 
onsider L1". We write
L1"; '� = 
L1;1" ; '�+ 
L1;2" ; '� ;where 
L1;1" ; '� = ZZ�T �0(u")�xA(u")�x'dt dx; 
L1;2" ; '� = ZZ�T �0(u")"�xu"�x'dt dx:Using (3.4) on
e more, we get��
L1;2" ; '��� � Cp" k�x'kL2(�T ) ! 0 as " # 0;so that also �L1;2" 	">0 is 
ompa
t in H�1lo
 (�T ).In what follows, we use the term \
onverges" as shorthand for \
onverges along a subsequen
e".The semi
ontinuity of l(�) and L(�) implies thatl(�) � lim inf�!� l(�); L(�) � lim sup�!� L(�):In addition, we havel (A(u"(x; t))) � u"(x; t) � L (A(u"(x; t))) for all (x; t) 2 �T and " > 0:Consequently, lim inf"#0 u"(x; t) � l (A(u(x; t))) for a.e. (x; t) 2 �T ;lim sup"#0 u"(x; t) � L (A(u(x; t))) for a.e. (x; t) 2 �T :(3.21)By (3.21), and sin
eA0(�) = 0 for all � 2 [0; 1℄ su
h that l(A(�)) < L(A(�));it follows that A0(u")! 0 a.e. on H as " # 0:Therefore, in view of Lemma 3.1 and (3.4),ZZHT[a;b℄ j�0(u")A0(u")�xu"j dt dx� C 0B� ZZHT[a;b℄A0(u") dt dx1CA1=20B� ZZHT[a;b℄A0(u")��xu"�2 dt dx1CA1=2 ! 0 as " # 0;for any interval [a; b℄ � R. Hen
e�0(u")�xA(u")! 0 a.e. on H as " # 0:



16 KARLSEN, RISEBRO, AND TOWERSOn the other hand, Lemma 3.3 shows that fu"g">0 
onverges a.e. on P . From Lemma 3.6, wehave that f
"(x)f(u")� �xA"(u")g">0 
onverges a.e. on �T :Sin
e fu"g">0 
onverges a.e. on P , we 
on
lude thatf�0(u")�xA"(u")g">0 
onverges a.e. on P:Sin
e �xA"(u") = �xA(u") + "�xu" and �0(u")"�xu" ! 0 a.e. on �T , we 
on
lude that alsof�0(u")�xA(u")g">0 
onverges a.e. on P :Hen
e we have shown thatf�0(u")�xA(u")g">0 
onverges a.e. on H[P = �T nN (and hen
e a.e. on �T ):Moreover, from Lemma 3.1 and (3.4), �0(u")�xA(u") 2 L2(�T ). Consequently,f�0(u")�xA(u")g">0 
onverges strongly in L2(�T );and �L1;1" 	">0 belongs to a 
ompa
t subset of H�1lo
 (�T ).Summing up, we have proved that the sequen
e of distributions fL"g">0 is the sum of twoterms, one whi
h is 
ompa
t in H�1lo
 (�T ) and one whi
h is bounded in M(�T ). In addition,Lemma 3.1 implies that fL"g">0 belongs to a bounded subset of W�1;1lo
 (�T ). Hen
e, the proofof the lemma is now �nished by appealing to Lemma 2.3.Our main result is the following theorem:Theorem 3.1. Suppose that 
onditions (1.2){(1.5) hold. Then there exists a weak solution (inthe sense of De�nition 1.1) of the Cau
hy problem (1.1). Furthermore, u 
an be 
onstru
ted asthe strong limit of the sequen
e fu"g">0, where u" solves the regularized problem (3.1).Let v be another weak solution 
onstru
ted as the strong limit of the sequen
e fv"g">0, wherev" solves the regularized problem (3.1) 
orresponding to initial data v0. ThenZRju(x; t)� v(x; t)j dx � ZRju0(x)� v0(x)j dx:(3.22)Consequently, the 
onstru
ted weak solution u of (1.1) is unique.Suppose that the initial fun
tion u0 satis�es the additional regularity 
ondition stated in (3.17).Then the 
onstru
ted weak solution u has the following regularity properties:(i) ���
(x)f(u) � �xA(u)�(�; t)��BV (R) � C, 8t 2 (0; T ).(ii) ku(�; t+ � )� u(�; t)kL1(R) � C�; 8� � 0.Proof. First, let us assume that the additional regularity 
ondition in (3.17) holds. By Lemma 3.7and Theorem 2.2, we have thatu" ! u along a subsequen
e a.e. in �T as " # 0:Lemma 3.1 states that the limit u belongs to L1(�T )TL1(�T ), so that the 
onvergen
e holdstrue in Lp(�T ) for any p 2 [1;1). From Lemma 3.4, it follows that A(u) 2 L2(0; T ;H1(R)).Hen
e, the limit u satis�es (D.1). Multiplying the equation for u" by a test fun
tion ' 2 D(�T )(with 'jt=T = 0) and then do integration by parts in x and t, we getZZ�T �u�t' + 
"(x)f(u")�x'+ (A(u") + "u") �2x'�dt dx+ ZR!" � u0 �(x; 0) = 0:Sending " # 0, it follows (after an integration by parts) that the limit u satis�es (D.2). In addition,(i) and (ii) are dire
t 
onsequen
es of Lemma 3.6. This 
on
ludes the proof when (3.17) holds.We will now remove the extra assumption (3.17) by using a stability result for \smooth" 
(�)found in [11℄, whi
h tells us that RRju"(x; t)� v"(x; t)j dx � RRju"(x; 0)� v"(x; 0)j dx, where v"solves (3.1) 
orresponding to initial data v0 satisfying (3.17). Sending " # 0 yields (3.22) wheneveru0; v0 satisfy (3.17). If u0 satis�es (1.5), we 
an 
ertainly �nd a sequen
e fum0 g1m=1 su
h that ea
h



A DEGENERATE PARABOLIC EQUATION WITH A DISCONTINUOUS COEFFICIENT 17um0 satisfy (3.17) and um0 ! u0 in L1(R) as m " 1. Let u" be a weak solution of (1.1) with initialdata um0 . Using (3.22), we getZRjum(x; t)� un(x; t)j dx � ZRjum0 (x)� un0 (x)j dx! 0 as m;n " 1:Hen
e fumg1m=1 is a Cau
hy sequen
e in L1(�T ). It is not diÆ
ult to 
he
k that the limit u ofthis sequen
e satis�es (D.1) and (D.2). This 
on
ludes the proof of the theorem.Remark 3.2. In the pure hyperboli
 
ase, Theorem 3.1 (i) implies that the total variation off(u) is �nite if u0 2 BV (R) (re
all that 
 6= 0 a.e.), although the total variation of u need not be�nite. This fa
t has already been established by Klausen and Risebro [13℄. However, their proofis mu
h more 
ompli
ated than the elementary proof given here (see the proof of Lemma 3.6).Remark 3.3. It is worth mentioning that if A(�) is stri
tly in
reasing we do not need the 
om-pensated 
ompa
tness method to get strong 
onvergen
e of fu"g">0. This is the typi
al situationthat one has to deal with in models for two-phase 
ow in porous media (see, e.g., [5℄). In this
ase, we have strong L2lo
 
onvergen
e of fu"g">0 dire
tly from Lemma 3.3.Provided the initial fun
tion u0 is suÆ
iently smooth, it is possible to upgrade the strong L2
ompa
tness of fA(u")g">0 to strong 
ompa
tness in the H�older spa
e C1;12 . This is the 
ontentof the following proposition, whi
h also shows that A(u) is H�older 
ontinuous, i.e., signi�
antlymore regular than anti
ipated by De�nition 1.1.Proposition 3.1. Suppose that 
onditions (1.2)-(1.5) hold. In addition, suppose that (3.17) holds.Then there exists a 
onstant C, independent of ", su
h that���A(u"(x+ y; t+ � ))� A(u"(x; t))��� � C�jyj +p� + "�;for all y 2 R and � � 0 with t+ � < T . In parti
ular, fA(u")g">0 
onverges along a subsequen
eto some fun
tion A uniformly on 
ompa
t subsets of �T as " # 0 andA 2 C1;12 (�T ):If u denotes the weak solution in Theorem 3.1, then A = A(u) a.e. on �T .Proof. Sin
e u"; 
"(x)f(u") are uniformly bounded, we get from (i)k�xA"(u"(�; t))kL1(R) � C; 8t 2 (0; T ):From this estimate and the L1 bound on u", we getA(u"(x+ y; t)) � A(u"(x; t)) � C�jyj+ "�:(3.23)Following Zhao [34℄, we show next that A(u") is H�older 
ontinuous in time. To this end, let � > 0and note thatZ x+p�x �u"(x; t+ � )� u"(x; t)�dx = Z x+p�x Z t+�t �tu"(x; �) d� dx= Z x+p�x Z t+�t ���x�
"(x)f(u"(x; �)) + �2xA"(u"(x; �))�� d� dx= Z t+�t �h�
"(x)f(u"(x; �))ix+p�x + h�xA"(u"(x; �))ix+p�x � d� dx� C�t+ � � t� = C�:By the mean value theorem there exists an x� between x and x+p� su
h that�u"(x�; t+ � )� u"(x�; t)�p� � C� =) ���u"(x�; t+ � ) � u"(x�; t)��� � Cp�:



18 KARLSEN, RISEBRO, AND TOWERSConsequently, we 
an 
al
ulate as follows���A(u"(x; t+ � )) �A(u"(x; t))���� ���A(u"(x; t+ � ))�A(u"(x�; t+ � ))��� + ���A(u"(x�; t+ � ))� A(u"(x�; t))���+ ���A(u"(x�; t))�A(u"(x; t))���� C�jx� x�j+ �1=2 + jx� x�j� � Cp� :(3.24)In view of (3.23) and (3.24), an appli
ation of the As
oli-Arzela 
ompa
tness 
riterion 
on
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