CONVERGENCE OF A DIFFERENCE SCHEME FOR
CONSERVATION LAWS WITH A DISCONTINUOUS FLUX
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Abstract. Convergence is established for a scalar finite difference scheme, based on the Godunov
or Engquist-Osher flux, for scalar conservation laws having a flux that is spatially dependent through
a possibly discontinuous coefficient. Other works in this direction have established convergence for
methods employing the solution of 2x2 Riemann problems. The algorithm discussed here uses only
scalar Riemann solvers. Satisfaction of a set of Kruzkov-type entropy inequalities is established for
the limit solution, from which geometric entropy conditions follow. Assuming a piecewise constant
coefficient, it is shown that these conditions imply L!-contractiveness for piecewise C! solutions,
thus extending a well known theorem.
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1. Introduction. The subject of this paper is a finite difference algorithm for
computing approximate solutions of the Cauchy problem for scalar conservation laws
of the form

(L1) ue+ (k@) f()s = 0, u(2,0) = uo(a),

where (z,t) € R x [0,00). The flux k(z)f(u) has a possibly discontinuous spatial
dependence through the coefficient k, which is allowed to have jump discontinuities.
A simple physical model corresponding to 1.1 is the Witham model of car traffic flow
on a highway [11]. The spatially varying coeflicient k corresponds to changing road
conditions. Equations of this type have been addressed by several authors in recent
years, often as the simplest examples of nonstrictly hyperbolic systems [6], [7], [20].
This approach is based on the observation that 1.1 can be written as a 2x2 system:

The eigenvalues associated with this system are A\, = kf'(u) and A\ = 0. The system
fails to be strictly hyperbolic if f’ can vanish, in which case the system is described
as resonant.

Even when k and the initial data ug are smooth, solutions to 1.1 develop discon-
tinuities, and so weak solutions are sought. A weak solution is a bounded measurable
function u : R x [0, 00) — R satisfying

(1.3) /R R+(¢tu+¢xkf(u))dzdt+/Rzp(a;,O)ug(z)dz:O

for all ¥ € C§°(R x [0, oc)).

This paper considers the conservation law 1.1 within the framework of scalar
finite difference schemes. The spatial domain R is divided into cells I; = [z; —
Ax/2,z; + Ax/2) with centers at the points z; = jAz for j € Z. Similarly, the time
domain [0, 00) is discretized via t" = nAt for n € {0,1,...}, resulting in time strips
I" = [t",#"*"). Let xjn be the characteristic function for the rectangle R? = I; x I"™.
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The finite difference scheme then generates, for each mesh size A = Az, a piecewise
constant approximation

“+oo
UA(xst) = Z Z Xj,n(xst)u;'l'

n>0 j=—oc
The initial data is discretized via the piecewise constant approximation
w20 = S =5 [ wlds,
- J 7T Az

where x;(z) is the characteristic function for the interval I;. The approximations uy
are generated by the explicit, conservation-form, time marching algorithm
(1.4) wlt =l — Nk ahgy

J J b

3~ kimghioy)-

Here, A = At/Az, and hj+% is based on a two point monotone (nondecreasing with
respect to the second argument, nonincreasing with respect to the first) numerical
flux, h(v,u), consistent with the actual flux, i.e., h(u,u) = f(u). In order to maintain
the monotonicity of the scheme, the arguments of the numerical flux are transposed
when the coefficient k is negative, so that

_ {h(uj+17uj)a if k'j+% >0

(1.5) hi+ h(uj,ujpr), k1 <0

=

In particular, this paper focuses on the closely-related Godunov [3] and Engquist-
Osher (EO) [2] fluxes. The Godunov flux is derived by applying the exact solution
operator for 1.1, with constant k = 1, to piecewise constant initial data. The nu-
merical flux that results is then h(v,u) = f(u%(v,u)). Here u%(v,u) is the similarity
solution of the resulting Riemann problem with right and left states v and u, evalu-
ated anywhere along the vertical half line ¢t > 0 in (z,¢)-space where the jump in the
initial data occurs. The following formula for the Godunov flux is derived in [14]:

_ J minp, ) f(w), fu<w
(1.6) hv,u) = {max[v’u] flw), fu>v"

The Godunov flux is Lipschitz continuous, and for f € C! it has piecewise con-
tinuous partial derivatives. With the notational convention that a— = min(a,0),
at = max(a,0), it follows from 1.6 that

(1.7) FL(0) < hy(v,u) <0< hy(v,u) < fi(u).
The EO flux, which is defined by

1

(19 o) = 550+ 5 = 5 [ 1 @,

is also Lipschitz continuous, but is smoother than the Godunov flux. For f € C!, it
has continuous partial derivatives satisfying

(1.9) L) = hy(v,u) <0< hy(v,u) = fi(u).
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It follows from 1.7 and 1.9 that || f'||o serves as a Lipschitz constant for both fluxes.
In the case where the flux f is convex or concave, with a single stagnation point,
the EO and Godunov fluxes are identical, except for the single case where the two
arguments are joined by a sonic shock, i.e., f'(v) <0 < f'(u).

In the scheme 1.4, the coefficient & is approximated at each cell boundary, result-
ing in a discretized version of k,

=

1 [T+
EA) =D Xep @k, Ky = A_a:/ kle)da,
j

Zj

where x;, 1 (2) is the characteristic function for the interval I;, 1 = [2;,2;11). The

discretized version k® has jumps at cell centers, as opposed to cell boundaries, i.e., the
discretization of k is staggered with respect to that of u. This results in a reduction
in complexity, compared with the approach where the two discretizations are aligned.
When the discretizations of the conserved quantity and flux coefficient are aligned,
more complicated 2x2 Riemann problems arise, and thus a 2x2 Riemann solver is
required. The concept of reducing complexity via mesh staggering is well known.

In [19], Temple used the Glimm scheme, solving 2x2 Riemann problems, to es-
tablish existence and uniqueness for a 2x2 resonant system of conservation laws. The
singular function ¥, used to prove compactness in §3 of this paper, originated in
[19], in a slightly different form. (Unlike the system 1.2, the system studied was not
reducible to a scalar conservation law, so the scalar scheme 1.4 discussed in this pa-
per is not applicable to that problem.) The authors of [12] and [13] studied the 2x2
Godunov method as it applies to

(1.10) us + f(k(z),u), =0.

They adjoined the equation k; = 0, and treated 1.10 as a 2x2 system, for the purpose
of modeling a resonant system. Using ¥ to establish compactness, they proved that
the 2x2 Godunov method is convergent (modulo extraction of a subsequence) to a
weak solution. They established a bound on the total variation of a function that cor-
responds to the function 2z of this paper, but their method of analysis was different,
entailing a study of the various waves arising from the 2x2 Riemann problems. In
[13] it was observed that time independent bounds on derivatives (measured via ¥)
had been achieved for the 2x2 Glimm and Godunov schemes, but not for any scalar
scheme that applies to 1.10. Section 3 of this paper provides a bound of this type
for equations of the form 1.1, which constitute a nontrivial subset of 1.10, and are
sometimes used to model the more general 1.10 [6], [7], [20] .

Outside of the difference scheme methods, the front tracking approach has been
effective, computationally, and as an analytical tool for studying solutions to 1.1.
Reference [7] establishes existence, uniqueness, and asymptotic behavior of the solu-
tion of 1.1, under essentially the same concavity assumptions about the flux f as this
paper. The singular function ¥, in the form appearing in §3 of this paper, is used
in [7] also. A bound on the variation, measured via ¥, is achieved by studying the
wave interactions that arise. Additionally, satisfaction of a wave entropy condition
is established for the limit of the front tracking scheme, and uniqueness is shown to
follow from this entropy condition. In [6], it is shown that solutions of 1.1 and 1.10
depend continuously on k.

Reference [20] discusses computational difficulties that can arise with schemes for
1.1 and 1.10 that are based on the solution of 2x2 Riemann problems. Specifically, the
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random choice method and front tracking method can fail, due to variation blow-up,
and non-existence of solutions to 2x2 Riemann problems. The 2x2 Lax-Friedrichs
scheme does not experience these failures, as is shown in [20] by examples, since it
avoids solving Riemann problems. The scheme 1.4 discussed in this paper, which
is based on scalar Riemann solvers, is also unaffected by these difficulties. In the
example provided in [20] where a solution to the Riemann problem fails to exist, the
source of this failure is a sign change in k. This provides the motivation for addressing
the case of indefinite k in §1 and §2 of this paper.

This paper is organized as follows. Section 2 discusses the monotonicity and L!-
contractiveness properties of the scheme 1.4, including the case of indefinite k. Section
3 focuses on the case of positive k, and establishes the main result of the paper,
convergence of a subsequence to a weak solution of the conservation law. Section
4 addresses the related issues of uniqueness and entropy satisfaction for the limit
solution.

2. Monotonicity. For the case of constant k, the theory of monotone schemes
has been essentially complete for many years [1], [5], [9], [17]. In that setting, ap-
proximations generated by monotone schemes are well-known to share many of the
properties of the actual entropy weak solution to the conservation law 1.1, including
monotonicity, L'-contractiveness, and satisfaction of a discrete entropy inequality.
Their major drawback is that they are at best only first order accurate even in re-
gions where the solution is smooth [5]. Nevertheless, they provide the starting point
for many of the modern higher order accurate schemes, some of which are constructed
by modifying the two-point monotone flux function with higher order correction terms,
and then applying flux limiters [4], [15]. The flux limiters damp out spurious oscilla-
tions that the correction terms often generate in regions of rapid transition.

A finite difference scheme such as 1.4 is monotone if

. 1 1 .
ui <vi, Vi = u}” Sv;-”, Yj.

When £ is constant, monotonicity of the scheme follows from monotonicity of the
numerical flux h under suitable CFL conditions. It follows that, in addition, the
computed approximations u} remain within the convex hull of the initial data for all
n. The following proposition provides an analog of these properties for the variable k&
situation.

PROPOSITION 2.1. With the CFL condition 2A||k||ec || f'||cc < 1 both the Godunov
and EO versions of the scheme are monotone. If k is nonnegative or nonpositive the
CFL condition can be relazed to N||k||sol|f'l|lco < 1. If the initial data ug(z) lies within
the interval Qo = [u, 1], and f(u) = f(w) =0, then u} € Qo, for all j, and alln > 0.

Proof. Let uj = u?. Expressing the three-point scheme as u?“ = G(uj—1,uj, ujy1),
the proof proceeds by showing that the partial derivatives dG/Ouj+; are each non-
negative, from which monotonicity of the scheme follows. That the partial derivative
of G with respect to u;_; is nonnegative is clear from

/\kjilhu(u]',u]'_l), if k}j7

1 >0
aG/a’LLjf1 = { )‘kj—;hv(uj—l,uj); i kj_ <0 .

W= ol

A similar formula for 0G/0u;41 shows that it is also nonnegative. For G /du;, there
are four cases, depending on the signs of k;_1 and kj+%. If k;_1 >0 and kj+% >0,

oG
% =1- /\kj+%hu(’u]‘+1,u]‘) + /\k/'j_%hv(u]‘,u]‘_l)
J
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— Ny 1 fy (ug) + Nej 1 ' (uy)
> 1 = M|Elloo £ (ug) + AllElloo f7 (uz) > 1 = N[k[lool| f'l|ec > 0.

The case where k; 1 < 0and kj+% < 0 is similar, and the calculation is omitted. For
the case where k i—1<0andk; 1 >0,
2 2
oG

8— =1- /\kj+%hu(u3‘+1,u]') + )\kjféhu(uj,l,uj)

uj
/\kﬁ_l f+(uj) + /\k]__f+(u])
> 1= 2Kl £ (1) > 1= 2A[Escl|f]]oe > 0.

The case where k] > 0 and kJ+1 < 0 is similar and is omitted. The stated invari-
ance of Qy with respect to the computed solution uj follows from the monotonicity
of the scheme, along with the fact that f vanishes at u and @. Specifically,

g) < G(uj_l,uj,qu) < G(ﬂ, u, ﬂ) =u.

d

For the remainder of this paper it will be assumed that ug € L* () L° (| BV and
k e L},,NL>*NBV. Here BV denotes the space of locally integrable functions w
having bounded total variation, denoted TV (w). Also, it will be assumed that & is
constant for large z, specifically, that there are constants k(+oc), k(—oc), and X such
that k(z) = k(—o0) for z < —X, k(z) = k(4+00) for > +X. With the cell-average
type discretizations discussed in §1 for ug and k, the discretized versions also satisfy
these assumptions, and the various norms of the discretized quantities, u5* and k2,
are bounded uniformly in A by the corresponding norms for ug and % [1].

PROPOSITION 2.2. With the CFL conditions in Proposition 2.1 and the assump-
tion that the initial data satisfies ug, vo € L* (L™, k € L>, and k is constant for
large x, the scheme 1.4 is Li-contractive, i.e., the inequality

(2.1) S it —w AT <> ol — uf|Ax
J J

holds for a pair of approzimate solutions uj and v} generated by the scheme. The
following inequality also holds:

(2.2) St — Az <) fuf - uf| Az,
J J

Proof. Both solutions u? and v} remain in L' () L>. The L>® bound follows from
Proposition 2.1. The L' bound follows from the finite range of influence of the initial
data, along with the assumption that k is constant for large z. These observations
along with the fact that the scheme is monotone (due to the CFL condition) and
conservative, add up to the hypotheses of the Crandall-Tartar Lemma [1], giving
2.1. The inequality 2.2 follows from Li-contractiveness, applied inductively, to two
successive time steps, uj and u"+1 of a single computed solution. O
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3. Convergence. In the case where the coefficent £ is constant, monotonicity
implies that the scheme is Total Variation Decreasing (TVD). However, even for
smooth, but nonconstant, k, the total variation of the solution to the conservation
law generally increases, at least initially, and so there is no hope that the numerical
scheme for variable k£ will be TVD.

As in [7], [12], and [19], the approach to convergence in this paper is to use the
singular mapping ¥ first used by Temple in his study of a resonant hyperbolic system
[19]. Some assumptions about the flux function f(u) will be required before defining
U. The flux function f € C?[0,1] is assumed to be strictly concave on [0, 1], i.e.,
f"(u) < p <0, and f(0) = f(1) = 0. Within the interval (0,1), f(u) > 0, with a
single maximum f* at u* € (0,1). These are similar to the conditions imposed on f
in [6] and [7]. Then the singular function ¥ is defined by

. k¢
¥, ) = k(=)= f)/F) = 3 [ 17/ w)ldu,
Here o(w) = w/|w| if w # 0, and o(0) = 0. In the remainder of this paper, k will be
assumed to be bounded and strictly positive: 0 < k < k(xz) < k. Then 1.5 becomes
hjy 1 = h(ujt1,u;). The convergence result of this paper remains valid (with a more

restrictive CFL condition, and a larger bound on the variation of z2) if & is allowed
to have finitely many points 2 where k(z~)k(z™) < 0. In order to avoid obscuring
the main idea of the paper, the analysis of this more general case is not presented.

For each value of k in [k, k], (-, k) : [0,1] — [~k, k] is an increasing, 1 — 1
mapping. It is regular everywhere, except at the stagnation point u*, where both f’
and 0¥ /0u vanish. The following Lipschitz continuity relationships in u and & follow
directly from the definition of ¥ and the conditions imposed on the flux f:

(3.1) W (u, k1) = W(u, k2)| < [k1 = kol

[/ 1]oo
f*

(3.2) Wlur, k) — g, B)] < Ry — ),

The function ¥ maps a function w(z,t) into a new function z(z,t) via z(z,t) =
U(w(z,t),k(z)). The following elementary facts concerning z are readily verified.
PROPOSITION 3.1. Let w: R x [0,00) = [0,1], and 0 < k < k(z) < k.
1. For each t >0, z(-,t) € L*, and ||z(-, )||0o < k]l = k.
2. For each t >0, z(-,t) € L. (R), and [ 5 |z(z,t)|dz < 2BE.

It is now possible to state the main result of this paper.

THEOREM 3.2. Let k € L}, .(\BV ()L™, with k taking constant values for large
x, and assume that 0 < k < k(z) < k. Let f € C?[0,1], f" < pn < 0, f(0) =
f)y =0, f >0 in (0,1), with a single mazimum f* = f(u*) at u* € (0,1). Let
ug € BV LY L*>®. Let the mesh size A — 0 with \ fived and satisfying the CFL
condition \||k||so||f'|lee < 1, resulting in the sequence of approzimations u™. Then,
there is a weak solution u of 1.1 and a subsequence u®: such that v — u a.e. and
in L}, (R x [0,00)).

The rest of this section carries out the analysis required to prove Theorem 3.2.
The basic approach is standard as in [17] and [18], with the exception that the quantity
of immediate interest is 22 = ¥(u®, k*) instead of the conserved variable u®. Com-
pactness for z2 follows in the usual way from bounds on the total variation and the
L norm, along with a time-continuity estimate. Once the existence of a subsequen-
tial limit z has been established, the invertibility of ¥ then allows the corresponding
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weak solution u to be recovered from the limit z, with u® — u guaranteed by the
continuity of ¥. Finally, a version of the Lax-Wendroff Theorem [10] demonstrates
that the limit u is a weak solution to 1.1.

LEMMA 3.3. Let ¢(u) = o(u —u*)(f* — f(uw) = f*U(u,k)/k and ¢; = ¢(u; ).
For both the Godunov and EO versions of the scheme,

(95 — @jr1)+ < x=(uj)lhyps = hy_a| 4+ x4 (ujn) s — hypa].

where x4 (u) = 1 4f f'(u) > 0, and 0 elsewhere; x—_(u) = 1 if f'(u) < 0 and O
elsewhere.

Proof. Like ¥(u, k), ¢ is a strictly increasing function of u, so (¢; — ¢;+1)+ > 0 iff
uj > ujy1. So assume that u; > ujqq. For concave f, and u; > u;j41, the Godunov
and EO fluxes are identical, so 1.9 holds for both fluxes. Also, for either flux,

uj Uit
hjpr—hj_1= / hu(uj,w)dw—l-/ hy(w, uj)dw.
Uj—1 Uj
Using the following decomposition of ¢; — ¢;11,

u

b; — djt1 Z/j |f (w)]dw = j fi(w)dw — ’ 1 (w)dw,

j+1 Uj+1 Uj41

it suffices to show that the following two inequalities are satisfied:

Uj+1
(33) iy~ byl > [ f o,
Uj1 ,
(3.4) X+(Uj+1)‘hj+g - hj+§| 2 —/ fi(w)dw.

J

For 3.3, if x_(u;) = 0 then both u; and u;;1 are to the left of u*, so the integral
vanishes, and the inequality holds. So assume that x_(u;) = 1, i.e., u; > u*. Since
ujy1 < uj, f:,"“ hy(w,uj)dw > 0. If uj_y > u*, f:_j_l hy(uj,w)dw = 0, while if
uj_1 < u*, f:’_l hy(uj,w)dw > 0. In either case 3.3 holds, since then

uj Uj41
ey — by :/ hu(uj,w)der/ o (w, u)dw

:L;+1 J“J‘+1
2/ hv(w,uj)dw:/ - (w)dw.

Ujt2

For 3.4, if x4 (uj+1) = 0, the integral vanishes. If x4 (ujt1) =1,
utussssw)dw = [ b do
Ujt1

hjvg = hjryl = _/
u
Uj+1

Ujt1
> —/ hy(wjp1, w)dw = —/ fL(w)dw.

J uj

Ujt1

J
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Let Ay and A_ denote forward and backward difference operators. For example,
Avhj_r=A_hj 1 =hj 1 —hj_1.
2 2 2

2
THEOREM 3.4. Let 2"(z) = U(u®(x,t"), k> (z)). With the assumptions stated in
Theorem 3.2, TV (2") is bounded uniformly, for alln >0, and all A > 0. Specifically,

(3.5) TV (2") < k(—00) — k(400) + 6TV (k) + jc—]fnf’HooTV(uo).

Proof. The superscript n is suppressed in the proof, except where two time levels
are of interest. Taking into account the jumps in z at the cell boundaries (due to jumps
in 4”) and the jumps at the cell centers (due to jumps in k), the total variation of

z(x) is
(3.6) Z|A“z]\+Z|A+ Zj— l )

where AY z; = W(ujq1, ki 1)—¥(u;, kj 1) and A+z]71 = W(uj kjy1)—V(uy,kj 1)
The second sum in 3.6, due to jumps in &2, is bounded by TV (k), using 3.1. For the
first sum, let k = k(—o00) — k(+00). Summing over all of the jumps, and using the
fact that z(x) — —k(+oo0) as x — +oo, results in

(3.7) Z Az + Z A'j_zj_% =K.
J J
It follows from 3.7 that

DAYz y =k—) (Atz)- ZA+ 21 <K= (Alzj) +TV(k).

J J J
Then,
szﬂ = Z Atz)s = S(A%z)- <k -2 (AUz)_ + TV (k).
J J

The following identity will be useful in estimating — (A} z;)—:
- Z Alzj)- = Z( (uj k) = Ulujen k)
(3.8) =5 Zkﬁ — $j+1)+

By Lemma 3.3,

Fips (65 — i) s < hyps (0 ()| Aphy sl + x4 (w41)| A4k 1)
wi) (I8 (kj_phy )+ By 1 Ak s )
wip1) (|A+ (ks hyy Dl + 1 s Ak 1)
up) (|A+(k jothi O+ fH ALK, 1\)

’U’]+1)(‘A+( j+%hj+%)|+f 1AL j+%‘)-

IN + A

<k
x-(
X+
x-(
+ x+(
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The last inequality uses the fact that \hj+%| < f*, which follows directly from the

conditions on f, along with 1.6 and 1.8. Substituting this into 3.8, shifting indices,
and applying L'-contractiveness gives

f*

]' n n
<5F >t =+ TV (k) <
J

= S ALE) - € o SO ) - (i) As (kg hy )|+ TV ()

)\f* Z |u; — u(]]| + TV (k).
J
(3.9)

The final step in the proof is to estimate the term }°; [uj — uj|. For the jth term in
this sum,

fud = ] < Akj 3 () = B, ud )]+ b, ud )ALk ]

< /\kj+%||fl||oo(‘u2+1 - u(]]| + |Uj - Ujfﬂ) + Af* |A+kj7%|-

Summing over j results in

(3.10) > fuf —udl < 2XE| o TV (uo) + AF*TV (K).
J

Substituting this into the last inequality in 3.9 yields
—Y (Az)- < f*llf oo TV (u0) + 2TV (K).
J

When all of the terms are collected, the bound 3.5 stated in the theorem results.
d

LeEMMA 3.5. With the assumptions stated in Theorem 3.2, there is a constant L,
independent of the mesh size A, such that for n > m > 0,

(3.11) /R |22 (2,t") — 22 (2,t™)|d2z < (n —m)LAt.

Proof. Taking into account the constant values of 2 in each half-cell, the integral
on the left side of 3.11 is

ZW ujikj oy —Wu?%kjf%“—Dw i) = B k).

An application of 3.2 and L'-contractiveness yields

f*
EH Z\u —u

!
/R |22 (z, ") — 22 (z,t™)|dx < AajEw Z uf —ul|
J

At
< =
- A
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The proof is completed by bounding 3=, [uj — uf| independently of A, using 3.10.
a

The following is essentially the Lax-Wendroff theorem [10].

THEOREM 3.6. Let u® : R x [0,0¢) = [0,1] be a sequence of approzimations
computed via the scheme 1.4 which converges in L} .(R x [0,00)) and with TV (2")
uniformly bounded, to u € Li (R x [0,00)) L®(R x [0,00)). Then u is a weak
solution of 1.1.

Proof. Let ¢ € C3°(R x [0,00)) and Afgpf = ¢+ — it ATyl = ¢l | — g7,
Take 0 < T < NAt such that ¢y = 0for t > T, and 0 < B < JAz such that ¢ = 0 for
lz| > B. As in [10], multiply the scheme 1.4 by ¢(z;,t") = ¢}, sum over all j and
n > 0, then sum by parts to get

Atzz (A"T/AL) + ki 1hy (sz;l/Ax))JrZ

loc

where h; 1 = h(u®(zj11,t"), u?(z;,t")). By standard arguments [11], the sums
involving uf (A"} /At) and ¢Ju} converge to their integral counterparts in 1.3, as
A — 0. It remains to show that

(3.12) Aa:AtZ Zk 1D (AYF [ Az) — kf (u)tp,dadt.

RxR*

The proof of 3.12 reduces to verifying that

(3.13) Z/ |k(z) = kj;1]de — 0, and
(3.14) AtAzZ >k / hjs — flu)|dadt = 0.
n=0|j|<J Ry

The sum appearing in 3.13 does not exceed

/|k 2)|da +_/ |k( $+A§a{/2;_k(w)dar,

which proves 3.13. The expression on the left side of 3.14 is bounded by

k||f||oo// jud —u\dmdt+AtAzZZk /“ () |duw].

n=0|j|<J
The first integral in 3.15 tends to zero by assumption, and the following estimate

N
AtAa:Z Z k., w)\dw‘ < AtAa:Z Z Ay 2

n=0|j|<J uj n=01j|<J
< Tf*Azmax{TV(z")|n >0, A > 0}

(3.15)

(3.16)
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shows that the second integral also approaches zero. O

It is now possible to prove Theorem 3.2.

Proof. The CFL condition guarantees that the computed solutions 4~ remain
within [0,1]. An application of Proposition 3.1 gives uniform (with respect to both
t and A) bounds on |[z2(-,1)||s and ||2A(-,t)||L1[_B7B], for any compact interval
[-B,B]. Theorem 3.4 provides a uniform bound on TV (z2(-,t)). Finally, from
Lemma 3.5, it follows that

A

1220t +7) =22 (0l < C(I7] +A),

where the constant C' is independent of A and ¢. By standard compactness argu-
ments applied to the sequence z2, there is a subsequence, z2¢, which converges in
L},.(R x [0,0¢)) to some function z € L], (R x [0,00)) () L>®(R x [0,00)). There is
a further subsequence, also denoted z2¢, which converges a.e. to z. Let u(x,t) =
U1 (2(z,t),k(z)). Due to the strict monotonicity of ¥(-, k), the function u is well-
defined a.e., u € [0,1] a.e., and u € L} (R x [0,0¢)) (N L (R % [0,00)). Dropping
the subscript on A, it remains to show that u® — u a.e. and in L} (R x [0, 00)).

loc
Let B >0, T > 0. Using the fact that u® = U~1(22,k?) gives

T B T B
/ / |u — u?|daxdt 5/ / |1 (2, k) — U122, k) |dadt
0 —B 0 —B

T B
+/ / [T (22, k) — O (22, kD) dadt.
0 —B

The first integral tends to zero by the bounded convergence theorem, due to the
continuity of ¥ ! as a function of its first argument. For the second integral, an
estimate of [U~1 (22, k) — U1 (22, k?)| is required. Tmplicit differentiation gives

WDy, - Ll 0l

ok ok ko |f(w)

When the numerator and denominator are each expanded in a Taylor series about u*,
the result is

lu —u*|.

‘6‘1’*1‘ < LMoo
ok |~ 2k |yl

With this estimate, convergence of the second integral follows from the fact that
kA — kin L'[-B, B]. Having established convergence in L! (R x [0,0c)), there is

loc

yet a further subsequence u®, which converges to u a.e., as well as in L}, (R x [0, 00)).

Theorem 3.6 proves that u is a weak solution of the conservation law. a

4. Entropy satisfaction. Even for constant k, solutions of 1.1 are not neces-
sarily unique. Additional conditions, usually referred to as entropy conditions, are
required to single out the physically relevant solution. When k € C' the Kruzkov
entropy condition applies [8]. Specifically, uniqueness is guaranteed if

(4.1) /R><R+ (Ju = ety + ko (u — c)(f(u) — f(c)pe — o(u — )k f(c)yp)dzdt > 0

holds for all ¢ € R, and for all nonnegative ¢ € C§°(R x R"). The Kruzkov entropy
condition 4.1 is not directly applicable if k is discontinuous, as was observed in [7].
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For k discontinuous, the authors of [7] proved uniqueness within the class of solutions
that satisfy a wave entropy condition. The wave entropy approach has the advantage
of not requiring that the solution satisfy additional regularity conditions.

The approach in this section is to concentrate on the Godunov version of the
scheme, and assume, as in [6] and [7], that & has finitely many jumps. Proposition 4.1
ensures that the limit solution u satisfies the Kruzkov entropy inequalities 4.1 locally,
away from the jumps in k. Proposition 4.3 provides Kruzkov-type entropy inequalities
that apply when the test function has support which intersects one or more jumps in k.
Theorem 4.5 shows that these entropy inequalities imply geometric entropy conditions
for piecewise C! solutions, and Theorem 4.6 applies the geometric entropy conditions
to show uniqueness with the additional assumption that & is piecewise constant.

PROPOSITION 4.1. In addition to the conditions stated in Theorem 3.2, let k
be piecewise C*, with a bounded derivative, |k'(x)| < B for all z, and with finitely
many jumps (in k and k') , located at & < & < ... < &y. Let u® be a convergent
subsequence generated by the scheme 1.4 using the Godunov flux, converging to u,
as in Theorem 3.2. Then the Kruzkov entropy inequalities 4.1 hold for every real
number ¢, and every smooth test function ¢ > 0 with compact support in t > 0,
z€e€R - {61,62,...,&\/]}.

To avoid complications arising from the discontinuity in V'(u) = o(u — ¢), the
following entropy inequality is established for smooth V' before proceeding with the
proof of Proposition 4.1.

LEMMA 4.2. In addition to the assumptions of Proposition 4.1, let (V,F) be
a convezr entropy pair for 1.1, i.e., V is conver and F' = V'f' and assume that
V € C?[0,1]. For every smooth test function ¢ > 0 with compact support in t > 0,
zreR—-{&,8&,...,&m}, and every c € R, the following inequality holds:

/ (V ()br + kF(u)hy )dadt — / K (V! (u) f(u) — F(u))bdadt > 0.
RxR*

RxRt

Proof. Write the scheme 1.4 as

n+l _ , n _ ) . n_—gn_ . . —h;
uim = wji — Ah; 1 Ayk; 1, where wj =uj /\kﬁ%(hﬁ% hr%).

Let uJG+% = uG(u?le ;uj). With the Godunov discrete entropy flux defined by H,

G
F(uj+§)

1
2

, the discrete entropy inequality
V(wi) <V(ui) = Akjy s Hypp = k1 Hy o)

holds for w?. After rearranging terms, a discrete entropy inequality for the scheme
1.4 results:

VISV = XA (ko Hy ) + (VI = V(w]) + AH;_ 1 Ay ks

Multiplying by a smooth, nonnegative test function ¢ with compact support in ¢ > 0,
x € R—{&,&,...,&m}, and proceeding as in the proof of Theorem 3.6 gives

— AzALY V(AW AL — AzAtY k1 Hyy 1 (A"} /Ax)
j!n j7n
(42) - AzAry (Hj,%(mkj,%/m) + (V- V(wy))/m) <0.

Jm
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As A approaches zero, the first sum in the top line of 4.2 converges to [ [V (u)iy, as
in the proof of the Lax-Wendroff theorem. For the second sum in the first line of 4.2,
convergence to [ [ kF(u)i, reduces to establishing

(4.3) AtAa:Z Sk / \H, 4 — F(u)|dadt -0,

n=01j|<J

where J, N, B, and T, are defined as in the proof of Theorem 3.6. Using the fact
that ||V'||sollf'|loo is a Lipschitz constant for Hj, 1, the expression on the left side of
4.3 is bounded by

k||V||m||f||m// e+ A S Y ks

n=0j|<J uj

]+2

|F'(w)|dw].

(4.4)

The first term in 4.4 tends to zero. Using |F'| = |V'||f'| and the fact that u¢ i lies
between u and u},,, the second term does not exceed

AtAz||V' ||OOZ >k

n=01j|<J

(w)|dw‘.

The estimate 3.16 proves that this term tends to zero also. Consider the second line
of 4.2. Since k € C' within the support of 1,

Az At TH; 1 1 /Az) = F(u)k'dxdt.
G R LY
The last term in 4.2 to be dealt with is AzAt )", | 1/)]’.L(1/j"+1 =V (w}))/At. Expanding
the divided difference in a Taylor series yields
(V}"+1 —V(w}))/At = = V'(u})h;_1 (Atk;_1/Ax)

VB (A k)AL
— V" (62)h;_y (Ark;_y /Az) (! —uf).
(4.5)

Due to L'-contractiveness, and the time continuity estimate 3.10, the sums involving
the last two terms on the right side of 4.5 approach zero as A — 0. The first term on
the right side of 4.5 approaches —V'(u) f(u)k' in L} (R x RT), which gives

loc

AzAtY yr (VI = V(wh)) /At — — YV (u) f (u)k' dzdt.
jn RxRt

O

It is now possible to prove Proposition 4.1.

Proof. As in [8], approximate the convex function |u — ¢| by a sequence of twice
continuously differentiable convex functions V;. Apply Lemma 4.2 for each V;, and
let Vi — |u —¢. O
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Let 6(x — &;) denote the Dirac measure with support located at &;.

ProproSITION 4.3. With the same assumptions as in Proposition 4.1, the fol-
lowing inequality holds for the special case where ¢ = u*, for all nonnegative ¢ €
C&P(RxRY):

/ (lu — u® g + ko(u — u*) (F(u) — £ (u"))p)dadt
RxRt

M
) [ (W@ + 3 ) = k)6 = &) ) wdadt 2 0

(4.6)

Proof. Proceeding as in the proof of Lemma 4.2 gives an inequality of the form
4.2, with V(u) = |u — u*[, and the corresponding versions of F'(u) and H;_, . The
sums in the first line of 4.2 converge to their integral counterparts, as in the proof of
Lemma 4.2. For the second line of 4.2, there are 67 € [—1, 1] such that

n+1 n
773 Ax At

= (0§ s —u)(F(u s) = F) +67h;_y ) (Ask;_y/Aw),
Using the fact that h; 1 = f(u](L ) < f(u*) gives
=) (f(uf 1) = f(u) +07h; | < [f(u)].
With this inequality, 4.2 becomes

— AzALY VAW /AL — AzAt> ko 1 H, 1 (AT Az
J J J+577 i+ 5 J

1
2

=

a
|or(uj”

=
(NI

Jjn jin
(4.7) — AzALY Y7 f(u”)|Ayk;_y/Az| < 0.
in

The term in the bottom line of 4.7 converges to the integral in the second line of 4.6.
This can be verified by breaking the spatial portion of the sum in the bottom line of
4.7 into sums over intervals where k is differentiable, and isolating the finite number
of cells where the jumps in k are concentrated. d

Let u be a piecewise smooth solution to 1.1. It follows from a standard test
function calculation that the Rankine-Hugoniot condition across a jump in & at one
of the points x = ¢; is

(4.8) krf(ur) = krf(ur),

where the subscripts L and R refer to limits from the left and right, respectively, at
the jump in .

LEmMA 4.4, Let F(u) = o(u —u*)(f(u) — f(u*)). For a pair of states ur, ug
satisfying the Rankine Hugoniot condition 4.8,

(4.9) krF(ugr) — kpF(ur) < |kr —kr|f(u*) & fL(ur)fi(ur) =0.

Proof. Take ky < kpg; the other case is similar. By considering the various cases
for a pair of states (ur,ur) which satisfy 4.8, the following relationships result:
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ur > u* > ur, = krF(ur) — krF(ur) = kr(fr— f*) + ki (fr — [*) <0,
ur,ur, > u* = krF(ug) — krF(ur) = (kr, — kr) f*,
uR,ur < u* = kRF(UR) — kLF(’LLL) = (kR — kL)f*,

4. ugp <u* <up = kRF(uR) - kLF(uL) = kR(f* — fR) + kL(f* - fL) > 0.
The first three cases cover the situation where the equation on the right side of 4.9 is
satisfied. In each of those cases, the inequality on the left side of 4.9 also holds. Case
4 is the only case where the right side of 4.9 fails. In that situation, the left side of
4.9 also fails, since uy, > u* = fr, < f*, and so

kr(f* — fr) + ko (f* — fo) = (kr + kL) f* — 2kp fr > (kr — kL) f".

W=

d

The entropy inequalities 4.1 and 4.6 yield the following fact concerning the satis-
faction of geometric entropy conditions.

THEOREM 4.5. In addition to the assumptions of Proposition 4.3, assume that
the limit solution u is piecewise C'. Suppose that k jumps from kg to kg at z = &,
and u is C' in some neighborhood of the point (&;,ty) on each side of x = &;. With
the notation ur, = u(&; ,to) and ur = u(&;, to),

(4.10) fL(ur) fi(ur) = 0.

For a discontinuity located at (xo,to) away from the jumps in k, assume that u is
C' in some neighborhood of (z¢,to) on each side of a C' curve x = ~(t). With
ur, = u(zy ,to) and ur = u(xy , to), the following standard entropy condition holds:

(4.11) kf'(ug) > s> kf'(ug),

where the shock speed s = 7' (to) satisfies s = k(f(ur) — f(ur))/(ur — ur).

Proof. For 4.10, let N(&;,to) be a neighborhood of the type described in the
statement of the theorem. Let ¢ > 0 be a smooth test function with support in the
rectangle Q€ centered at (&;,tg), with width ¢, and extending backward and forward
in time from tg by an amount 7. Assume that € and 7 are small enough that Q¢ C
N(&;,t0). A standard test function calculation, applied to 4.6, gives

to+T1
| D = k= ke < 5 [ (k= ot =)o,
to—T €

where [kF| = kgF(ur) — kL F(ur), F(u) = o(u — u*)(f(u) — f*). The integral over
Q¢ can be made arbitrarily small by shrinking the width e of the rectangle. It follows
that kpF(ur)—kr F(ur) < f*|kr—kr|. The entropy condition 4.10 then follows from
Lemma 4.4. The geometric entropy condition 4.11 follows directly from Proposition
4.1. For k € C!, it is well known that if 4.1 holds for all ¢ € R, then the geometric
entropy condition 4.11 is satisfied [8]. 0

The geometric entropy condition 4.11 is the usual geometric entropy condition
satisfied by shocks in the smooth k case. It requires that characteristics on both sides
of the shock extend toward the x-axis when followed backward in time from the shock.
The geometric entropy condition 4.10 requires that the characteristics on at least one
side extend toward the x-axis.

In the constant-k setting, the author of [16] established L!'-contractiveness of
piecewise C! solutions which satisfy the geometric entropy condition 4.11. The fol-
lowing theorem is presented as evidence that limits of the scheme 1.4 are the physically
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relevant solutions. It extends the theorem in [16] to the case of piecewise constant k,
assuming that the additional geometric entropy condition 4.10 is satisfied.

THEOREM 4.6. In addition to the previous assumptions, let k be piecewise con-
stant, with finitely many jumps, located at & < & < ... < &y. Let u and v be
piecewise C' weak solutions of 1.1 satisfying the geometric entropy conditions 4.10
and 4.11. Assume that the initial data ug and vy are piecewise C, and ug, vo € L.
Then, fort > 0,

(4.12) [[u( ) = v B[l < fluo = wollr-

Proof. Following [16], the approach is to show that the time derivative of the
integral on the left side of 4.12 is nonpositive. That integral is broken up into integrals
over segments where u — v does not change sign. This decomposition yields

i+1

(1.13) JuCot) = o0l = o [ (wtast) = ol ),

where o; = o(u — v), which is constant within the interval (z;,z;11). Differentiating
4.13 with respect to time results in terms of the form
d Tit1

(4.14) oiz [ (u—v)de =0, [a':(u —v) = (kf(u) - kf(v))

Tit1

Ti

In [16], it is noted that 4.14 holds even if there are shocks in the interior of (z;, z;11).
For essentially the same reason, i.e., the Rankine-Hugoniot condition 4.8, the rela-
tionship 4.14 holds even if one or more of the points &; lie within (x;,2;41). For z;
(or z;4+1) away from the jumps in k, the contribution to 4.14 from z; (or x;+1) is non-
positive, since the argument in [16] applies in this case, due to the geometric entropy
condition 4.11. The only case remaining is where u — v changes sign at a jump in k,
say z; = &;. Let kr = k(§;), kr = k(ff), and assume that k;, < kg, the other case
being similar. There are contributions to 4.13 from two consecutive terms of the form
4.14. Taking into account that & = 0 along the line z = ;, the total contribution is

(@15) o ~ku(f (@) = Fo@)] _ + 0 [half @) - fo()

4
J éJ'

The situation where g; = 0 or 0,11 = 0 can be eliminated, since then the Rankine-
Hugoniot condition 4.8 implies that both ¢; and ¢;41 vanish. Take the case where

w>vin (zi_1,2;), u < vin (z;,241), i.e., 0; = 1, 6,41 = —1. The other case is
similar. Then 4.15 becomes
(4.16) krf(ve) + krf(vr) — kpf(ur) — krf(ur).

In order for there to be a sign change, at least one of ug < ur, vg > vy must hold.
Take the case where ug < ur. With kr < kg and ug < uy, the geometric entropy
condition 4.10 and Rankine-Hugoniot condition 4.8 require that ur < w*. This is
easily verified by viewing (ur, kr f(ur)) and (ug, krf(ugr)) as being determined by
the intersection of a horizontal line with the graphs of kg f(u) and kgrf(u). Since
vy < up < u*, and f is increasing in (0,u*), it is clear that f(vg) < f(ur). Then
using 4.8, the expression 4.16 is equal to

2k (f(vr) — flur)) <0.
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Next, take the case where vg > vy. With k;, < kg and vg > vy, the Rankine-
Hugoniot condition 4.8 requires that vg > u*. If vr, > u*, then up > vy = up > u*.
The entropy condition 4.10 then requires that ug > u*. Then, with 4.8, up > vy =
uR > vUg, which is a contradiction, so it must be that vy < u*. If also u;, < u*, then
vy <up = f(vg) < f(ur), in which case 4.16 reduces to

2k (f(vr) — flur)) <0.

If ur, > u*, the entropy condition 4.10 requires that ug > u*. Then, ugp < vg =
f(ur) > f(vg). In this case 4.16 equals

2kr(f(vr) — f(ur)) <O.
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