
CONVERGENCE OF A DIFFERENCE SCHEME FORCONSERVATION LAWS WITH A DISCONTINUOUS FLUXJOHN D. TOWERS �Abstra
t. Convergen
e is established for a s
alar �nite di�eren
e s
heme, based on the Godunovor Engquist-Osher 
ux, for s
alar 
onservation laws having a 
ux that is spatially dependent througha possibly dis
ontinuous 
oeÆ
ient. Other works in this dire
tion have established 
onvergen
e formethods employing the solution of 2x2 Riemann problems. The algorithm dis
ussed here uses onlys
alar Riemann solvers. Satisfa
tion of a set of Kruzkov-type entropy inequalities is established forthe limit solution, from whi
h geometri
 entropy 
onditions follow. Assuming a pie
ewise 
onstant
oeÆ
ient, it is shown that these 
onditions imply L1-
ontra
tiveness for pie
ewise C1 solutions,thus extending a well known theorem.Key words. 
onservation laws, di�eren
e approximations, dis
ontinuous 
oeÆ
ientsAMS subje
t 
lassi�
ations. 35L65, 65M06, 65M12, 35R051. Introdu
tion. The subje
t of this paper is a �nite di�eren
e algorithm for
omputing approximate solutions of the Cau
hy problem for s
alar 
onservation lawsof the form ut + (k(x)f(u))x = 0; u(x; 0) = u0(x);(1.1)where (x; t) 2 R � [0;1). The 
ux k(x)f(u) has a possibly dis
ontinuous spatialdependen
e through the 
oeÆ
ient k, whi
h is allowed to have jump dis
ontinuities.A simple physi
al model 
orresponding to 1.1 is the Witham model of 
ar traÆ
 
owon a highway [11℄. The spatially varying 
oeÆ
ient k 
orresponds to 
hanging road
onditions. Equations of this type have been addressed by several authors in re
entyears, often as the simplest examples of nonstri
tly hyperboli
 systems [6℄, [7℄, [20℄.This approa
h is based on the observation that 1.1 
an be written as a 2x2 system:ut + (kf(u))x = 0; kt = 0:(1.2)The eigenvalues asso
iated with this system are �u = kf 0(u) and �k = 0. The systemfails to be stri
tly hyperboli
 if f 0 
an vanish, in whi
h 
ase the system is des
ribedas resonant.Even when k and the initial data u0 are smooth, solutions to 1.1 develop dis
on-tinuities, and so weak solutions are sought. A weak solution is a bounded measurablefun
tion u : R� [0;1)! R satisfyingZR�R+( tu+  xkf(u))dxdt+ ZR  (x; 0)u0(x)dx = 0(1.3)for all  2 C10 (R� [0;1)).This paper 
onsiders the 
onservation law 1.1 within the framework of s
alar�nite di�eren
e s
hemes. The spatial domain R is divided into 
ells Ij = [xj ��x=2; xj +�x=2) with 
enters at the points xj = j�x for j 2 Z. Similarly, the timedomain [0;1) is dis
retized via tn = n�t for n 2 f0; 1; : : :g, resulting in time stripsIn = [tn; tn+1). Let �j;n be the 
hara
teristi
 fun
tion for the re
tangle Rnj = Ij � In.�O
tober 30, 1999 jtowers�
ts.
om 1



2 J.D. TowersThe �nite di�eren
e s
heme then generates, for ea
h mesh size � = �x, a pie
ewise
onstant approximation u�(x; t) = Xn�0 +1Xj=�1�j;n(x; t)unj :The initial data is dis
retized via the pie
ewise 
onstant approximationu�(x; 0) =Xj �j(x)u0j ; u0j = 1�x ZIj u0(x)dx;where �j(x) is the 
hara
teristi
 fun
tion for the interval Ij . The approximations unjare generated by the expli
it, 
onservation-form, time mar
hing algorithmun+1j = unj � �(kj+ 12hj+ 12 � kj� 12hj� 12 ):(1.4)Here, � = �t=�x, and hj+ 12 is based on a two point monotone (nonde
reasing withrespe
t to the se
ond argument, nonin
reasing with respe
t to the �rst) numeri
al
ux, h(v; u), 
onsistent with the a
tual 
ux, i.e., h(u; u) = f(u). In order to maintainthe monotoni
ity of the s
heme, the arguments of the numeri
al 
ux are transposedwhen the 
oeÆ
ient k is negative, so thathj+ 12 = �h(uj+1; uj); if kj+ 12 � 0h(uj ; uj+1); if kj+ 12 < 0 :(1.5)In parti
ular, this paper fo
uses on the 
losely-related Godunov [3℄ and Engquist-Osher (EO) [2℄ 
uxes. The Godunov 
ux is derived by applying the exa
t solutionoperator for 1.1, with 
onstant k = 1, to pie
ewise 
onstant initial data. The nu-meri
al 
ux that results is then h(v; u) = f(uG(v; u)). Here uG(v; u) is the similaritysolution of the resulting Riemann problem with right and left states v and u, evalu-ated anywhere along the verti
al half line t > 0 in (x; t)-spa
e where the jump in theinitial data o

urs. The following formula for the Godunov 
ux is derived in [14℄:h(v; u) = � min[u;v℄ f(w); if u � vmax[v;u℄ f(w); if u � v :(1.6)The Godunov 
ux is Lips
hitz 
ontinuous, and for f 2 C1 it has pie
ewise 
on-tinuous partial derivatives. With the notational 
onvention that a� = min(a; 0),a+ = max(a; 0), it follows from 1.6 thatf 0�(v) � hv(v; u) � 0 � hu(v; u) � f 0+(u):(1.7)The EO 
ux, whi
h is de�ned byh(v; u) = 12(f(u) + f(v))� 12 Z vu jf 0(w)jdw;(1.8)is also Lips
hitz 
ontinuous, but is smoother than the Godunov 
ux. For f 2 C1, ithas 
ontinuous partial derivatives satisfyingf 0�(v) = hv(v; u) � 0 � hu(v; u) = f 0+(u):(1.9)



Di�eren
e S
heme for a Dis
ontinuous Flux 3It follows from 1.7 and 1.9 that kf 0k1 serves as a Lips
hitz 
onstant for both 
uxes.In the 
ase where the 
ux f is 
onvex or 
on
ave, with a single stagnation point,the EO and Godunov 
uxes are identi
al, ex
ept for the single 
ase where the twoarguments are joined by a soni
 sho
k, i.e., f 0(v) < 0 < f 0(u).In the s
heme 1.4, the 
oeÆ
ient k is approximated at ea
h 
ell boundary, result-ing in a dis
retized version of k,k�(x) =Xj �j+ 12 (x)kj+ 12 ; kj+ 12 = 1�x Z xj+1xj k(x)dx;where �j+ 12 (x) is the 
hara
teristi
 fun
tion for the interval Ij+ 12 = [xj ; xj+1). Thedis
retized version k� has jumps at 
ell 
enters, as opposed to 
ell boundaries, i.e., thedis
retization of k is staggered with respe
t to that of u. This results in a redu
tionin 
omplexity, 
ompared with the approa
h where the two dis
retizations are aligned.When the dis
retizations of the 
onserved quantity and 
ux 
oeÆ
ient are aligned,more 
ompli
ated 2x2 Riemann problems arise, and thus a 2x2 Riemann solver isrequired. The 
on
ept of redu
ing 
omplexity via mesh staggering is well known.In [19℄, Temple used the Glimm s
heme, solving 2x2 Riemann problems, to es-tablish existen
e and uniqueness for a 2x2 resonant system of 
onservation laws. Thesingular fun
tion 	, used to prove 
ompa
tness in x3 of this paper, originated in[19℄, in a slightly di�erent form. (Unlike the system 1.2, the system studied was notredu
ible to a s
alar 
onservation law, so the s
alar s
heme 1.4 dis
ussed in this pa-per is not appli
able to that problem.) The authors of [12℄ and [13℄ studied the 2x2Godunov method as it applies tout + f(k(x); u)x = 0:(1.10)They adjoined the equation kt = 0, and treated 1.10 as a 2x2 system, for the purposeof modeling a resonant system. Using 	 to establish 
ompa
tness, they proved thatthe 2x2 Godunov method is 
onvergent (modulo extra
tion of a subsequen
e) to aweak solution. They established a bound on the total variation of a fun
tion that 
or-responds to the fun
tion z� of this paper, but their method of analysis was di�erent,entailing a study of the various waves arising from the 2x2 Riemann problems. In[13℄ it was observed that time independent bounds on derivatives (measured via 	)had been a
hieved for the 2x2 Glimm and Godunov s
hemes, but not for any s
alars
heme that applies to 1.10. Se
tion 3 of this paper provides a bound of this typefor equations of the form 1.1, whi
h 
onstitute a nontrivial subset of 1.10, and aresometimes used to model the more general 1.10 [6℄, [7℄, [20℄ .Outside of the di�eren
e s
heme methods, the front tra
king approa
h has beene�e
tive, 
omputationally, and as an analyti
al tool for studying solutions to 1.1.Referen
e [7℄ establishes existen
e, uniqueness, and asymptoti
 behavior of the solu-tion of 1.1, under essentially the same 
on
avity assumptions about the 
ux f as thispaper. The singular fun
tion 	, in the form appearing in x3 of this paper, is usedin [7℄ also. A bound on the variation, measured via 	, is a
hieved by studying thewave intera
tions that arise. Additionally, satisfa
tion of a wave entropy 
onditionis established for the limit of the front tra
king s
heme, and uniqueness is shown tofollow from this entropy 
ondition. In [6℄, it is shown that solutions of 1.1 and 1.10depend 
ontinuously on k.Referen
e [20℄ dis
usses 
omputational diÆ
ulties that 
an arise with s
hemes for1.1 and 1.10 that are based on the solution of 2x2 Riemann problems. Spe
i�
ally, the



4 J.D. Towersrandom 
hoi
e method and front tra
king method 
an fail, due to variation blow-up,and non-existen
e of solutions to 2x2 Riemann problems. The 2x2 Lax-Friedri
hss
heme does not experien
e these failures, as is shown in [20℄ by examples, sin
e itavoids solving Riemann problems. The s
heme 1.4 dis
ussed in this paper, whi
his based on s
alar Riemann solvers, is also una�e
ted by these diÆ
ulties. In theexample provided in [20℄ where a solution to the Riemann problem fails to exist, thesour
e of this failure is a sign 
hange in k. This provides the motivation for addressingthe 
ase of inde�nite k in x1 and x2 of this paper.This paper is organized as follows. Se
tion 2 dis
usses the monotoni
ity and L1-
ontra
tiveness properties of the s
heme 1.4, in
luding the 
ase of inde�nite k. Se
tion3 fo
uses on the 
ase of positive k, and establishes the main result of the paper,
onvergen
e of a subsequen
e to a weak solution of the 
onservation law. Se
tion4 addresses the related issues of uniqueness and entropy satisfa
tion for the limitsolution.2. Monotoni
ity. For the 
ase of 
onstant k, the theory of monotone s
hemeshas been essentially 
omplete for many years [1℄, [5℄, [9℄, [17℄. In that setting, ap-proximations generated by monotone s
hemes are well-known to share many of theproperties of the a
tual entropy weak solution to the 
onservation law 1.1, in
ludingmonotoni
ity, L1-
ontra
tiveness, and satisfa
tion of a dis
rete entropy inequality.Their major drawba
k is that they are at best only �rst order a

urate even in re-gions where the solution is smooth [5℄. Nevertheless, they provide the starting pointfor many of the modern higher order a

urate s
hemes, some of whi
h are 
onstru
tedby modifying the two-point monotone 
ux fun
tion with higher order 
orre
tion terms,and then applying 
ux limiters [4℄, [15℄. The 
ux limiters damp out spurious os
illa-tions that the 
orre
tion terms often generate in regions of rapid transition.A �nite di�eren
e s
heme su
h as 1.4 is monotone ifunj � vnj ; 8j ) un+1j � vn+1j ; 8j:When k is 
onstant, monotoni
ity of the s
heme follows from monotoni
ity of thenumeri
al 
ux h under suitable CFL 
onditions. It follows that, in addition, the
omputed approximations unj remain within the 
onvex hull of the initial data for alln. The following proposition provides an analog of these properties for the variable ksituation.Proposition 2.1. With the CFL 
ondition 2�kkk1kf 0k1 � 1 both the Godunovand EO versions of the s
heme are monotone. If k is nonnegative or nonpositive theCFL 
ondition 
an be relaxed to �kkk1kf 0k1 � 1. If the initial data u0(x) lies withinthe interval 
0 = [u; u℄, and f(u) = f(u) = 0, then unj 2 
0, for all j, and all n � 0.Proof. Let uj = unj . Expressing the three-point s
heme as un+1j = G(uj�1; uj ; uj+1),the proof pro
eeds by showing that the partial derivatives �G=�uj+i are ea
h non-negative, from whi
h monotoni
ity of the s
heme follows. That the partial derivativeof G with respe
t to uj�1 is nonnegative is 
lear from�G=�uj�1 = ��kj� 12 hu(uj ; uj�1); if kj� 12 � 0�kj� 12 hv(uj�1; uj); if kj� 12 � 0 :A similar formula for �G=�uj+1 shows that it is also nonnegative. For �G=�uj , thereare four 
ases, depending on the signs of kj� 12 and kj+ 12 . If kj� 12 � 0 and kj+ 12 � 0,�G�uj = 1� �kj+ 12 hu(uj+1; uj) + �kj� 12 hv(uj ; uj�1)



Di�eren
e S
heme for a Dis
ontinuous Flux 5� 1� �kj+ 12 f 0+(uj) + �kj� 12 f 0�(uj)� 1� �kkk1f 0+(uj) + �kkk1f 0�(uj) � 1� �kkk1kf 0k1 � 0:The 
ase where kj� 12 � 0 and kj+ 12 � 0 is similar, and the 
al
ulation is omitted. Forthe 
ase where kj� 12 < 0 and kj+ 12 > 0,�G�uj = 1� �kj+ 12 hu(uj+1; uj) + �kj� 12hu(uj�1; uj)� 1� �kj+ 12 f 0+(uj) + �kj� 12 f 0+(uj)� 1� 2�kkk1f 0+(uj) � 1� 2�kkk1kf 0k1 � 0:The 
ase where kj� 12 > 0 and kj+ 12 < 0 is similar and is omitted. The stated invari-an
e of 
0 with respe
t to the 
omputed solution unj follows from the monotoni
ityof the s
heme, along with the fa
t that f vanishes at u and u. Spe
i�
ally,u = G(u; u; u) � G(uj�1; uj ; uj+1) � G(u; u; u) = u:For the remainder of this paper it will be assumed that u0 2 L1TL1TBV andk 2 L1lo
TL1TBV . Here BV denotes the spa
e of lo
ally integrable fun
tions whaving bounded total variation, denoted TV (w). Also, it will be assumed that k is
onstant for large x, spe
i�
ally, that there are 
onstants k(+1), k(�1), and X su
hthat k(x) = k(�1) for x � �X , k(x) = k(+1) for x � +X . With the 
ell-averagetype dis
retizations dis
ussed in x1 for u0 and k, the dis
retized versions also satisfythese assumptions, and the various norms of the dis
retized quantities, u�0 and k�,are bounded uniformly in � by the 
orresponding norms for u0 and k [1℄.Proposition 2.2. With the CFL 
onditions in Proposition 2.1 and the assump-tion that the initial data satis�es u0; v0 2 L1TL1, k 2 L1, and k is 
onstant forlarge x, the s
heme 1.4 is L1-
ontra
tive, i.e., the inequalityXj jvn+1j � un+1j j�x �Xj jvnj � unj j�x(2.1)holds for a pair of approximate solutions unj and vnj generated by the s
heme. Thefollowing inequality also holds:Xj jun+1j � unj j�x �Xj ju1j � u0j j�x:(2.2)Proof. Both solutions unj and vnj remain in L1TL1. The L1 bound follows fromProposition 2.1. The L1 bound follows from the �nite range of in
uen
e of the initialdata, along with the assumption that k is 
onstant for large x. These observationsalong with the fa
t that the s
heme is monotone (due to the CFL 
ondition) and
onservative, add up to the hypotheses of the Crandall-Tartar Lemma [1℄, giving2.1. The inequality 2.2 follows from L1-
ontra
tiveness, applied indu
tively, to twosu

essive time steps, unj and un+1j , of a single 
omputed solution.



6 J.D. Towers3. Convergen
e. In the 
ase where the 
oeÆ
ent k is 
onstant, monotoni
ityimplies that the s
heme is Total Variation De
reasing (TVD). However, even forsmooth, but non
onstant, k, the total variation of the solution to the 
onservationlaw generally in
reases, at least initially, and so there is no hope that the numeri
als
heme for variable k will be TVD.As in [7℄, [12℄, and [19℄, the approa
h to 
onvergen
e in this paper is to use thesingular mapping 	 �rst used by Temple in his study of a resonant hyperboli
 system[19℄. Some assumptions about the 
ux fun
tion f(u) will be required before de�ning	. The 
ux fun
tion f 2 C2[0; 1℄ is assumed to be stri
tly 
on
ave on [0; 1℄, i.e.,f 00(u) � � < 0, and f(0) = f(1) = 0. Within the interval (0; 1), f(u) > 0, with asingle maximum f� at u� 2 (0; 1). These are similar to the 
onditions imposed on fin [6℄ and [7℄. Then the singular fun
tion 	 is de�ned by	(u; k) = k�(u� u�)(1� f(u)=f�) = kf� Z uu� jf 0(w)jdw:Here �(w) = w=jwj if w 6= 0, and �(0) = 0. In the remainder of this paper, k will beassumed to be bounded and stri
tly positive: 0 < k � k(x) � k. Then 1.5 be
omeshj+ 12 = h(uj+1; uj). The 
onvergen
e result of this paper remains valid (with a morerestri
tive CFL 
ondition, and a larger bound on the variation of z�) if k is allowedto have �nitely many points x where k(x�)k(x+) � 0. In order to avoid obs
uringthe main idea of the paper, the analysis of this more general 
ase is not presented.For ea
h value of k in [k; k℄, 	(�; k) : [0; 1℄ ! [�k; k℄ is an in
reasing, 1 � 1mapping. It is regular everywhere, ex
ept at the stagnation point u�, where both f 0and �	=�u vanish. The following Lips
hitz 
ontinuity relationships in u and k followdire
tly from the de�nition of 	 and the 
onditions imposed on the 
ux f :j	(u; k1)�	(u; k2)j � jk1 � k2j;(3.1) j	(u1; k)�	(u2; k)j � k kf 0k1f� ju1 � u2j:(3.2)The fun
tion 	 maps a fun
tion w(x; t) into a new fun
tion z(x; t) via z(x; t) =	(w(x; t); k(x)). The following elementary fa
ts 
on
erning z are readily veri�ed.Proposition 3.1. Let w : R� [0;1)! [0; 1℄, and 0 < k � k(x) � k.1. For ea
h t � 0, z(�; t) 2 L1, and kz(�; t)k1 � kkk1 = k.2. For ea
h t � 0, z(�; t) 2 L1lo
(R), and R +B�B jz(x; t)jdx � 2Bk.It is now possible to state the main result of this paper.Theorem 3.2. Let k 2 L1lo
TBV TL1, with k taking 
onstant values for largex, and assume that 0 < k � k(x) � k. Let f 2 C2[0; 1℄, f 00 � � < 0, f(0) =f(1) = 0, f > 0 in (0; 1), with a single maximum f� = f(u�) at u� 2 (0; 1). Letu0 2 BV TL1TL1. Let the mesh size � ! 0 with � �xed and satisfying the CFL
ondition �kkk1kf 0k1 � 1, resulting in the sequen
e of approximations u�. Then,there is a weak solution u of 1.1 and a subsequen
e u�i su
h that u�i ! u a.e. andin L1lo
(R� [0;1)).The rest of this se
tion 
arries out the analysis required to prove Theorem 3.2.The basi
 approa
h is standard as in [17℄ and [18℄, with the ex
eption that the quantityof immediate interest is z� = 	(u�; k�) instead of the 
onserved variable u�. Com-pa
tness for z� follows in the usual way from bounds on the total variation and theL1 norm, along with a time-
ontinuity estimate. On
e the existen
e of a subsequen-tial limit z has been established, the invertibility of 	 then allows the 
orresponding



Di�eren
e S
heme for a Dis
ontinuous Flux 7weak solution u to be re
overed from the limit z, with u� ! u guaranteed by the
ontinuity of 	. Finally, a version of the Lax-Wendro� Theorem [10℄ demonstratesthat the limit u is a weak solution to 1.1.Lemma 3.3. Let �(u) = �(u � u�)(f� � f(u)) = f�	(u; k)=k and �j = �(uj).For both the Godunov and EO versions of the s
heme,(�j � �j+1)+ � ��(uj)jhj+ 12 � hj� 12 j+ �+(uj+1)jhj+ 32 � hj+ 12 j:where �+(u) = 1 if f 0(u) > 0, and 0 elsewhere; ��(u) = 1 if f 0(u) < 0 and 0elsewhere.Proof. Like 	(u; k), � is a stri
tly in
reasing fun
tion of u, so (�j��j+1)+ > 0 i�uj > uj+1. So assume that uj > uj+1. For 
on
ave f , and uj � uj+1, the Godunovand EO 
uxes are identi
al, so 1.9 holds for both 
uxes. Also, for either 
ux,hj+ 12 � hj� 12 = Z ujuj�1 hu(uj ; w)dw + Z uj+1uj hv(w; uj)dw:Using the following de
omposition of �j � �j+1,�j � �j+1 = Z ujuj+1 jf 0(w)jdw = Z ujuj+1 f 0+(w)dw � Z ujuj+1 f 0�(w)dw;it suÆ
es to show that the following two inequalities are satis�ed:��(uj)jhj+ 12 � hj� 12 j � Z uj+1uj f 0�(w)dw;(3.3) �+(uj+1)jhj+ 32 � hj+ 12 j � � Z uj+1uj f 0+(w)dw:(3.4)For 3.3, if ��(uj) = 0 then both uj and uj+1 are to the left of u�, so the integralvanishes, and the inequality holds. So assume that ��(uj) = 1, i.e., uj > u�. Sin
euj+1 � uj , R uj+1uj hv(w; uj)dw � 0. If uj�1 � u�, R ujuj�1 hu(uj ; w)dw = 0, while ifuj�1 < u�, R ujuj�1 hu(uj ; w)dw � 0. In either 
ase 3.3 holds, sin
e thenjhj+ 12 � hj� 12 j = Z ujuj�1 hu(uj ; w)dw + Z uj+1uj hv(w; uj)dw� Z uj+1uj hv(w; uj)dw = Z uj+1uj f 0�(w)dw:For 3.4, if �+(uj+1) = 0, the integral vanishes. If �+(uj+1) = 1,jhj+ 32 � hj+ 12 j = � Z uj+1uj hu(uj+1; w)dw � Z uj+2uj+1 hv(w; uj+1)dw� � Z uj+1uj hu(uj+1; w)dw = � Z uj+1uj f 0+(w)dw:



8 J.D. TowersLet �+ and �� denote forward and ba
kward di�eren
e operators. For example,�+hj� 12 = ��hj+ 12 = hj+ 12 � hj� 12 .Theorem 3.4. Let zn(x) = 	(u�(x; tn); k�(x)). With the assumptions stated inTheorem 3.2, TV (zn) is bounded uniformly, for all n � 0, and all � > 0. Spe
i�
ally,TV (zn) � k(�1)� k(+1) + 6TV (k) + 4kf� kf 0k1TV (u0):(3.5)Proof. The supers
ript n is suppressed in the proof, ex
ept where two time levelsare of interest. Taking into a

ount the jumps in z at the 
ell boundaries (due to jumpsin u�) and the jumps at the 
ell 
enters (due to jumps in k�), the total variation ofz(x) is TV (z) =Xj j�u+zj j+Xj j�k+zj� 12 j;(3.6)where �u+zj = 	(uj+1; kj+ 12 )�	(uj; kj+ 12 ) and �k+zj� 12 = 	(uj ; kj+ 12 )�	(uj; kj� 12 ).The se
ond sum in 3.6, due to jumps in k�, is bounded by TV (k), using 3.1. For the�rst sum, let � = k(�1) � k(+1). Summing over all of the jumps, and using thefa
t that z(x)! �k(�1) as x! �1, results inXj �u+zj +Xj �k+zj� 12 = �:(3.7)It follows from 3.7 thatXj (�u+zj)+ = ��Xj (�u+zj)� �Xj �k+zj� 12 � ��Xj (�u+zj)� + TV (k):Then, Xj j�u+zj j =Xj (�u+zj)+ �Xj (�u+zj)� � �� 2Xj (�u+zj)� + TV (k):The following identity will be useful in estimating �Pj(�u+zj)�:�Xj (�u+zj)� =Xj (	(uj ; kj+ 12 )�	(uj+1; kj+ 12 ))+= 1f� Xj kj+ 12 (�j � �j+1)+:(3.8)By Lemma 3.3,kj+ 12 (�j � �j+1)+ � kj+ 12 (��(uj)j�+hj� 12 j+ �+(uj+1)j�+hj+ 12 j)� ��(uj)�j�+(kj� 12hj� 12 )j+ jhj� 12�+kj� 12 j�+ �+(uj+1)�j�+(kj+ 12 hj+ 12 )j+ jhj+ 32�+kj+ 12 j�� ��(uj)�j�+(kj� 12hj� 12 )j+ f�j�+kj� 12 j�+ �+(uj+1)�j�+(kj+ 12 hj+ 12 )j+ f�j�+kj+ 12 j�:



Di�eren
e S
heme for a Dis
ontinuous Flux 9The last inequality uses the fa
t that jhj+ 12 j � f�, whi
h follows dire
tly from the
onditions on f , along with 1.6 and 1.8. Substituting this into 3.8, shifting indi
es,and applying L1-
ontra
tiveness gives�Xj (�u+zj)� � 1f� Xj ((�+(uj) + ��(uj))j�+(kj� 12 hj� 12 )j+ TV (k)� 1�f� Xj jun+1j � unj j+ TV (k) � 1�f� Xj ju1j � u0j j+ TV (k):(3.9)The �nal step in the proof is to estimate the term Pj ju1j � u0j j. For the jth term inthis sum,ju1j � u0j j � �kj+ 12 jh(u0j+1; u0j )� h(u0j ; u0j�1)j+ �jh(u0j ; u0j�1)jj�+kj� 12 j� �kj+ 12 kf 0k1(ju0j+1 � u0j j+ ju0j � u0j�1j) + �f�j�+kj� 12 j:Summing over j results inXj ju1j � u0j j � 2�kkf 0k1TV (u0) + �f�TV (k):(3.10)Substituting this into the last inequality in 3.9 yields�Xj (�u+zj)� � 2kf� kf 0k1TV (u0) + 2TV (k):When all of the terms are 
olle
ted, the bound 3.5 stated in the theorem results.Lemma 3.5. With the assumptions stated in Theorem 3.2, there is a 
onstant L,independent of the mesh size �, su
h that for n > m � 0,ZR jz�(x; tn)� z�(x; tm)jdx � (n�m)L�t:(3.11)Proof. Taking into a

ount the 
onstant values of z� in ea
h half-
ell, the integralon the left side of 3.11 is�x2 Xj j	(unj ; kj� 12 )�	(umj ; kj� 12 )j+ �x2 Xj j	(unj ; kj+ 12 )�	(umj ; kj+ 12 )j:An appli
ation of 3.2 and L1-
ontra
tiveness yieldsZR jz�(x; tn)� z�(x; tm)jdx � �xk kf 0k1f� Xj junj � umj j� �t� k kf 0k1f� (n�m)Xj ju1j � u0j j:



10 J.D. TowersThe proof is 
ompleted by bounding Pj ju1j � u0j j independently of �, using 3.10.The following is essentially the Lax-Wendro� theorem [10℄.Theorem 3.6. Let u� : R � [0;1) ! [0; 1℄ be a sequen
e of approximations
omputed via the s
heme 1.4 whi
h 
onverges in L1lo
(R� [0;1)) and with TV (zn)uniformly bounded, to u 2 L1lo
(R� [0;1))TL1(R� [0;1)). Then u is a weaksolution of 1.1.Proof. Let  2 C10 (R � [0;1)) and �t nj =  n+1j �  nj , �x nj =  nj+1 �  nj .Take 0 � T � N�t su
h that  = 0 for t � T , and 0 � B � J�x su
h that  = 0 forjxj � B. As in [10℄, multiply the s
heme 1.4 by  (xj ; tn) =  nj , sum over all j andn � 0, then sum by parts to get�tXj Xn (unj (�t nj =�t) + kj+ 12 hj+ 12 (�x nj =�x)) +Xj  0ju0j = 0;where hj+ 12 = h(u�(xj+1; tn); u�(xj ; tn)). By standard arguments [11℄, the sumsinvolving unj (�t nj =�t) and  0ju0j 
onverge to their integral 
ounterparts in 1.3, as�! 0. It remains to show that�x�tXj Xn kj+ 12hj+ 12 (�x nj =�x)! ZR�R+ kf(u) xdxdt:(3.12)The proof of 3.12 redu
es to verifying thatXj ZIj jk(x)� kj+ 12 jdx! 0; and(3.13) �t�x NXn=0 Xjjj�J kj+ 12 ZRnj jhj+ 12 � f(u)jdxdt! 0:(3.14)The sum appearing in 3.13 does not ex
eedZR jk(x) � k�(x)jdx + �x2 ZR jk(x+�x=2)� k(x)j�x=2 dx;whi
h proves 3.13. The expression on the left side of 3.14 is bounded by�kkf 0k1 Z T0 Z B�B ju� � ujdxdt+�t�x NXn=0 Xjjj�J kj+ 12 ���Z unj+1unj jf 0(w)jdw���:(3.15)The �rst integral in 3.15 tends to zero by assumption, and the following estimate�t�x NXn=0 Xjjj�J kj+ 12 ���Z unj+1unj jf 0(w)jdw��� � �t�x NXn=0 Xjjj�J f�j�u+znj j� Tf��xmaxfTV (zn)jn � 0; � > 0g(3.16)



Di�eren
e S
heme for a Dis
ontinuous Flux 11shows that the se
ond integral also approa
hes zero.It is now possible to prove Theorem 3.2.Proof. The CFL 
ondition guarantees that the 
omputed solutions u� remainwithin [0; 1℄. An appli
ation of Proposition 3.1 gives uniform (with respe
t to botht and �) bounds on kz�(�; t)k1 and kz�(�; t)kL1[�B;B℄, for any 
ompa
t interval[�B;B℄. Theorem 3.4 provides a uniform bound on TV (z�(�; t)). Finally, fromLemma 3.5, it follows thatkz�(�; t+ �)� z�(�; t)k1 � C(j� j +�);where the 
onstant C is independent of � and t. By standard 
ompa
tness argu-ments applied to the sequen
e z�, there is a subsequen
e, z�i , whi
h 
onverges inL1lo
(R� [0;1)) to some fun
tion z 2 L1lo
(R� [0;1))TL1(R� [0;1)). There isa further subsequen
e, also denoted z�i , whi
h 
onverges a.e. to z. Let u(x; t) =	�1(z(x; t); k(x)). Due to the stri
t monotoni
ity of 	(�; k), the fun
tion u is well-de�ned a.e., u 2 [0; 1℄ a.e., and u 2 L1lo
(R� [0;1))TL1(R� [0;1)). Droppingthe subs
ript on �, it remains to show that u� ! u a.e. and in L1lo
(R� [0;1)).Let B > 0, T > 0. Using the fa
t that u� = 	�1(z�; k�) givesZ T0 Z B�B ju� u�jdxdt � Z T0 Z B�B j	�1(z; k)�	�1(z�; k)jdxdt+ Z T0 Z B�B j	�1(z�; k)�	�1(z�; k�)jdxdt:The �rst integral tends to zero by the bounded 
onvergen
e theorem, due to the
ontinuity of 	�1 as a fun
tion of its �rst argument. For the se
ond integral, anestimate of j	�1(z�; k)�	�1(z�; k�)j is required. Impli
it di�erentiation gives�	�1�k = �u�k = �	k=	u = �1k R uu� jf 0(w)jdwjf 0(u)j :When the numerator and denominator are ea
h expanded in a Taylor series about u�,the result is ����	�1�k ��� � 12k kf 00k1j�j ju� u�j:With this estimate, 
onvergen
e of the se
ond integral follows from the fa
t thatk� ! k in L1[�B;B℄. Having established 
onvergen
e in L1lo
(R � [0;1)), there isyet a further subsequen
e u�, whi
h 
onverges to u a.e., as well as in L1lo
(R� [0;1)).Theorem 3.6 proves that u is a weak solution of the 
onservation law.4. Entropy satisfa
tion. Even for 
onstant k, solutions of 1.1 are not ne
es-sarily unique. Additional 
onditions, usually referred to as entropy 
onditions, arerequired to single out the physi
ally relevant solution. When k 2 C1 the Kruzkoventropy 
ondition applies [8℄. Spe
i�
ally, uniqueness is guaranteed ifZR�R+�ju� 
j t + k�(u� 
)(f(u)� f(
)) x � �(u� 
)k0f(
) �dxdt � 0(4.1)holds for all 
 2 R, and for all nonnegative  2 C10 (R�R+). The Kruzkov entropy
ondition 4.1 is not dire
tly appli
able if k is dis
ontinuous, as was observed in [7℄.



12 J.D. TowersFor k dis
ontinuous, the authors of [7℄ proved uniqueness within the 
lass of solutionsthat satisfy a wave entropy 
ondition. The wave entropy approa
h has the advantageof not requiring that the solution satisfy additional regularity 
onditions.The approa
h in this se
tion is to 
on
entrate on the Godunov version of thes
heme, and assume, as in [6℄ and [7℄, that k has �nitely many jumps. Proposition 4.1ensures that the limit solution u satis�es the Kruzkov entropy inequalities 4.1 lo
ally,away from the jumps in k. Proposition 4.3 provides Kruzkov-type entropy inequalitiesthat apply when the test fun
tion has support whi
h interse
ts one or more jumps in k.Theorem 4.5 shows that these entropy inequalities imply geometri
 entropy 
onditionsfor pie
ewise C1 solutions, and Theorem 4.6 applies the geometri
 entropy 
onditionsto show uniqueness with the additional assumption that k is pie
ewise 
onstant.Proposition 4.1. In addition to the 
onditions stated in Theorem 3.2, let kbe pie
ewise C1, with a bounded derivative, jk0(x)j � � for all x, and with �nitelymany jumps (in k and k0) , lo
ated at �1 < �2 < : : : < �M . Let u� be a 
onvergentsubsequen
e generated by the s
heme 1.4 using the Godunov 
ux, 
onverging to u,as in Theorem 3.2. Then the Kruzkov entropy inequalities 4.1 hold for every realnumber 
, and every smooth test fun
tion  � 0 with 
ompa
t support in t > 0,x 2 R� f�1; �2; : : : ; �Mg.To avoid 
ompli
ations arising from the dis
ontinuity in V 0(u) = �(u � 
), thefollowing entropy inequality is established for smooth V before pro
eeding with theproof of Proposition 4.1.Lemma 4.2. In addition to the assumptions of Proposition 4.1, let (V; F ) bea 
onvex entropy pair for 1.1, i.e., V is 
onvex and F 0 = V 0f 0, and assume thatV 2 C2[0; 1℄. For every smooth test fun
tion  � 0 with 
ompa
t support in t > 0,x 2 R� f�1; �2; : : : ; �Mg, and every 
 2 R, the following inequality holds:ZR�R+(V (u) t + kF (u) x)dxdt � ZR�R+ k0(V 0(u)f(u)� F (u)) dxdt � 0:Proof. Write the s
heme 1.4 asun+1j = wnj � �hj� 12�+kj� 12 ; where wnj = unj � �kj+ 12 (hj+ 12 � hj� 12 ):Let uGj+ 12 = uG(unj+1; unj ). With the Godunov dis
rete entropy 
ux de�ned byHj+ 12 =F (uGj+ 12 ), the dis
rete entropy inequalityV (wnj ) � V (unj )� �(kj+ 12Hj+ 12 � kj+ 12Hj� 12 )holds for wnj . After rearranging terms, a dis
rete entropy inequality for the s
heme1.4 results:V n+1j � V nj � ��+(kj� 12Hj� 12 ) + (V n+1j � V (wnj )) + �Hj� 12�+kj� 12 :Multiplying by a smooth, nonnegative test fun
tion  with 
ompa
t support in t > 0,x 2 R� f�1; �2; : : : ; �Mg, and pro
eeding as in the proof of Theorem 3.6 gives��x�tXj;n V nj (�t nj =�t)��x�tXj;n kj+ 12Hj+ 12 (�x nj =�x)��x�tXj;n  nj �Hj� 12 (�+kj� 12 =�x) + (V n+1j � V (wnj ))=�t� � 0:(4.2)
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e S
heme for a Dis
ontinuous Flux 13As � approa
hes zero, the �rst sum in the top line of 4.2 
onverges to R R V (u) t, asin the proof of the Lax-Wendro� theorem. For the se
ond sum in the �rst line of 4.2,
onvergen
e to R R kF (u) x redu
es to establishing�t�x NXn=0 Xjjj�J kj+ 12 ZRnj jHj+ 12 � F (u)jdxdt! 0;(4.3)where J , N , B, and T , are de�ned as in the proof of Theorem 3.6. Using the fa
tthat kV 0k1kf 0k1 is a Lips
hitz 
onstant for Hj+ 12 , the expression on the left side of4.3 is bounded by�kkV 0k1kf 0k1 Z T0 Z B�B ju� � ujdxdt+�t�x NXn=0 Xjjj�J kj+ 12 ���Z uGj+ 12unj jF 0(w)jdw���:(4.4)The �rst term in 4.4 tends to zero. Using jF 0j = jV 0jjf 0j and the fa
t that uGj+ 12 liesbetween unj and unj+1, the se
ond term does not ex
eed�t�xkV 0k1 NXn=0 Xjjj�J kj+ 12 ���Z unj+1unj jf 0(w)jdw���:The estimate 3.16 proves that this term tends to zero also. Consider the se
ond lineof 4.2. Sin
e k 2 C1 within the support of  ,�x�tXj;n  nj Hj� 12 (�+kj� 12 =�x)! ZR�R+  F (u)k0dxdt:The last term in 4.2 to be dealt with is �x�tPj;n  nj (V n+1j �V (wnj ))=�t. Expandingthe divided di�eren
e in a Taylor series yields(V n+1j � V (wnj ))=�t =� V 0(unj )hj� 12 (�+kj� 12 =�x)� 12V 00(�1)(�hj� 12�+kj� 12 )2=�t� V 00(�2)hj� 12 (�+kj� 12 =�x)(un+1j � unj ):(4.5)Due to L1-
ontra
tiveness, and the time 
ontinuity estimate 3.10, the sums involvingthe last two terms on the right side of 4.5 approa
h zero as �! 0. The �rst term onthe right side of 4.5 approa
hes �V 0(u)f(u)k0 in L1lo
(R�R+), whi
h gives�x�tXj;n  nj (V n+1j � V (wnj ))=�t! � ZR�R+  V 0(u)f(u)k0dxdt:It is now possible to prove Proposition 4.1.Proof. As in [8℄, approximate the 
onvex fun
tion ju� 
j by a sequen
e of twi
e
ontinuously di�erentiable 
onvex fun
tions Vi. Apply Lemma 4.2 for ea
h Vi, andlet Vi ! ju� 
j.



14 J.D. TowersLet Æ(x� �i) denote the Dira
 measure with support lo
ated at �i.Proposition 4.3. With the same assumptions as in Proposition 4.1, the fol-lowing inequality holds for the spe
ial 
ase where 
 = u�, for all nonnegative  2C10 (R�R+): ZR�R+ �ju� u�j t + k�(u� u�)(f(u)� f(u�)) x)dxdt+f(u�) ZR�R+ �jk0(x)j + MXi=1 jk(�+i )� k(��i )jÆ(x� �i)� dxdt � 0:(4.6)Proof. Pro
eeding as in the proof of Lemma 4.2 gives an inequality of the form4.2, with V (u) = ju � u�j, and the 
orresponding versions of F (u) and Hj� 12 . Thesums in the �rst line of 4.2 
onverge to their integral 
ounterparts, as in the proof ofLemma 4.2. For the se
ond line of 4.2, there are �nj 2 [�1; 1℄ su
h thatHj� 12 �+kj� 12�x + V (un+1j )� V (wnj )�t= ��(uGj� 12 � u�)(f(uGj� 12 )� f(u�)) + �nj hj� 12�(�+kj� 12 =�x):Using the fa
t that hj� 12 = f(uGj� 12 ) � f(u�) givesj�(uGj� 12 � u�)(f(uGj� 12 )� f(u�)) + �nj hj� 12 j � jf(u�)j:With this inequality, 4.2 be
omes��x�tXj;n V nj (�t nj =�t)��x�tXj;n kj+ 12Hj+ 12 (�x nj =�x)��x�tXj;n  nj f(u�)j�+kj� 12 =�xj � 0:(4.7)The term in the bottom line of 4.7 
onverges to the integral in the se
ond line of 4.6.This 
an be veri�ed by breaking the spatial portion of the sum in the bottom line of4.7 into sums over intervals where k is di�erentiable, and isolating the �nite numberof 
ells where the jumps in k are 
on
entrated.Let u be a pie
ewise smooth solution to 1.1. It follows from a standard testfun
tion 
al
ulation that the Rankine-Hugoniot 
ondition a
ross a jump in k at oneof the points x = �i is kLf(uL) = kRf(uR);(4.8)where the subs
ripts L and R refer to limits from the left and right, respe
tively, atthe jump in k.Lemma 4.4. Let F (u) = �(u � u�)(f(u) � f(u�)). For a pair of states uL, uRsatisfying the Rankine Hugoniot 
ondition 4.8,kRF (uR)� kLF (uL) � jkR � kLjf(u�) , f 0�(uL)f 0+(uR) = 0:(4.9)Proof. Take kL � kR; the other 
ase is similar. By 
onsidering the various 
asesfor a pair of states (uL; uR) whi
h satisfy 4.8, the following relationships result:
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heme for a Dis
ontinuous Flux 151. uR > u� > uL ) kRF (uR)� kLF (uL) = kR(fR � f�) + kL(fL � f�) � 0;2. uR; uL � u� ) kRF (uR)� kLF (uL) = (kL � kR)f�;3. uR; uL � u� ) kRF (uR)� kLF (uL) = (kR � kL)f�;4. uR < u� < uL ) kRF (uR)� kLF (uL) = kR(f� � fR) + kL(f� � fL) > 0:The �rst three 
ases 
over the situation where the equation on the right side of 4.9 issatis�ed. In ea
h of those 
ases, the inequality on the left side of 4.9 also holds. Case4 is the only 
ase where the right side of 4.9 fails. In that situation, the left side of4.9 also fails, sin
e uL > u� ) fL < f�, and sokR(f� � fR) + kL(f� � fL) = (kR + kL)f� � 2kLfL > (kR � kL)f�:The entropy inequalities 4.1 and 4.6 yield the following fa
t 
on
erning the satis-fa
tion of geometri
 entropy 
onditions.Theorem 4.5. In addition to the assumptions of Proposition 4.3, assume thatthe limit solution u is pie
ewise C1. Suppose that k jumps from kL to kR at x = �i,and u is C1 in some neighborhood of the point (�i; t0) on ea
h side of x = �i. Withthe notation uL = u(��i ; t0) and uR = u(�+i ; t0),f 0�(uL)f 0+(uR) = 0:(4.10)For a dis
ontinuity lo
ated at (x0; t0) away from the jumps in k, assume that u isC1 in some neighborhood of (x0; t0) on ea
h side of a C1 
urve x = 
(t). WithuL = u(x�0 ; t0) and uR = u(x+0 ; t0), the following standard entropy 
ondition holds:kf 0(uL) > s > kf 0(uR);(4.11)where the sho
k speed s = 
0(t0) satis�es s = k(f(uR)� f(uL))=(uR � uL).Proof. For 4.10, let N(�i; t0) be a neighborhood of the type des
ribed in thestatement of the theorem. Let  � � 0 be a smooth test fun
tion with support in there
tangle 
� 
entered at (�i; t0), with width �, and extending ba
kward and forwardin time from t0 by an amount � . Assume that � and � are small enough that 
� �N(�i; t0). A standard test fun
tion 
al
ulation, applied to 4.6, givesZ t0+�t0��  �(�i; t)([kF ℄� f�jkR � kLj)dt � f� Z
�(jk0j � �(u� u�)k0) �dxdt;where [kF ℄ = kRF (uR) � kLF (uL), F (u) = �(u � u�)(f(u) � f�). The integral over
� 
an be made arbitrarily small by shrinking the width � of the re
tangle. It followsthat kRF (uR)�kLF (uL) � f�jkR�kLj. The entropy 
ondition 4.10 then follows fromLemma 4.4. The geometri
 entropy 
ondition 4.11 follows dire
tly from Proposition4.1. For k 2 C1, it is well known that if 4.1 holds for all 
 2 R, then the geometri
entropy 
ondition 4.11 is satis�ed [8℄.The geometri
 entropy 
ondition 4.11 is the usual geometri
 entropy 
onditionsatis�ed by sho
ks in the smooth k 
ase. It requires that 
hara
teristi
s on both sidesof the sho
k extend toward the x-axis when followed ba
kward in time from the sho
k.The geometri
 entropy 
ondition 4.10 requires that the 
hara
teristi
s on at least oneside extend toward the x-axis.In the 
onstant-k setting, the author of [16℄ established L1-
ontra
tiveness ofpie
ewise C1 solutions whi
h satisfy the geometri
 entropy 
ondition 4.11. The fol-lowing theorem is presented as eviden
e that limits of the s
heme 1.4 are the physi
ally



16 J.D. Towersrelevant solutions. It extends the theorem in [16℄ to the 
ase of pie
ewise 
onstant k,assuming that the additional geometri
 entropy 
ondition 4.10 is satis�ed.Theorem 4.6. In addition to the previous assumptions, let k be pie
ewise 
on-stant, with �nitely many jumps, lo
ated at �1 < �2 < : : : < �M . Let u and v bepie
ewise C1 weak solutions of 1.1 satisfying the geometri
 entropy 
onditions 4.10and 4.11. Assume that the initial data u0 and v0 are pie
ewise C1, and u0, v0 2 L1.Then, for t � 0, ku(�; t)� v(�; t)k1 � ku0 � v0k1:(4.12)Proof. Following [16℄, the approa
h is to show that the time derivative of theintegral on the left side of 4.12 is nonpositive. That integral is broken up into integralsover segments where u� v does not 
hange sign. This de
omposition yieldsku(�; t)� v(�; t)k1 =Xi �i Z xi+1xi (u(x; t)� v(x; t))dx;(4.13)where �i = �(u� v), whi
h is 
onstant within the interval (xi; xi+1). Di�erentiating4.13 with respe
t to time results in terms of the form�i ddt Z xi+1xi (u� v)dx = �ih _x(u� v)� (kf(u)� kf(v))ixi+1xi :(4.14)In [16℄, it is noted that 4.14 holds even if there are sho
ks in the interior of (xi; xi+1).For essentially the same reason, i.e., the Rankine-Hugoniot 
ondition 4.8, the rela-tionship 4.14 holds even if one or more of the points �j lie within (xi; xi+1). For xi(or xi+1) away from the jumps in k, the 
ontribution to 4.14 from xi (or xi+1) is non-positive, sin
e the argument in [16℄ applies in this 
ase, due to the geometri
 entropy
ondition 4.11. The only 
ase remaining is where u� v 
hanges sign at a jump in k,say xi = �j . Let kL = k(��j ), kR = k(�+j ), and assume that kL < kR, the other 
asebeing similar. There are 
ontributions to 4.13 from two 
onse
utive terms of the form4.14. Taking into a

ount that _x = 0 along the line x = �j , the total 
ontribution is�ih�kL(f(u(x)) � f(v(x)))i��j + �i+1hkR(f(u(x))� f(v(x)))i�+j :(4.15)The situation where �i = 0 or �i+1 = 0 
an be eliminated, sin
e then the Rankine-Hugoniot 
ondition 4.8 implies that both �i and �i+1 vanish. Take the 
ase whereu > v in (xi�1; xi), u < v in (xi; xi+1), i.e., �i = 1, �i+1 = �1. The other 
ase issimilar. Then 4.15 be
omeskLf(vL) + kRf(vR)� kLf(uL)� kRf(uR):(4.16)In order for there to be a sign 
hange, at least one of uR < uL, vR > vL must hold.Take the 
ase where uR < uL. With kL < kR and uR < uL, the geometri
 entropy
ondition 4.10 and Rankine-Hugoniot 
ondition 4.8 require that uL < u�. This iseasily veri�ed by viewing (uL; kLf(uL)) and (uR; kRf(uR)) as being determined bythe interse
tion of a horizontal line with the graphs of kLf(u) and kRf(u). Sin
evL < uL � u�, and f is in
reasing in (0; u�), it is 
lear that f(vL) < f(uL). Thenusing 4.8, the expression 4.16 is equal to2kL(f(vL)� f(uL)) < 0:
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ase where vR > vL. With kL < kR and vR > vL, the Rankine-Hugoniot 
ondition 4.8 requires that vR > u�. If vL � u�, then uL > vL ) uL > u�.The entropy 
ondition 4.10 then requires that uR � u�. Then, with 4.8, uL > vL )uR > vR, whi
h is a 
ontradi
tion, so it must be that vL < u�. If also uL < u�, thenvL < uL ) f(vL) < f(uL), in whi
h 
ase 4.16 redu
es to2kL(f(vL)� f(uL)) < 0:If uL > u�, the entropy 
ondition 4.10 requires that uR � u�. Then, uR < vR )f(uR) > f(vR). In this 
ase 4.16 equals2kR(f(vR)� f(uR)) < 0:REFERENCES[1℄ M. G. Crandall, A. Majda, Monotone Di�eren
e Approximations for S
alar ConservationLaws, Math. Comp., 34 (1980), pp. 1{21.[2℄ B. Engquist, S. Osher, One sided di�eren
e approximations for nonlinear 
onservation laws,Math. Comp., 36 (1980), pp. 45{75.[3℄ S.K. Godunov, A �nite di�eren
e method for the numeri
al 
omputation of dis
ontinuoussolutions of the equations of 
uid dynami
s , Math. USSR Sbornik, 47 (1959), pp. 271{290.[4℄ A. Harten, On a 
lass of high resolution total-variation-stable �nite di�eren
e s
hemes, SIAMJ. Numer. Anal., 21 (1984), pp. 1{23.[5℄ A. Harten, J.M. Hyman, P.D. Lax, On �nite di�eren
e approximations and entropy 
ondi-tions for sho
ks, Comm. Pure Appl. Math., 29 (1976), pp. 297{322.[6℄ R.A. Klausen, N.H. Risebro, Stability of 
onservation laws with dis
ontinuous 
oeÆ
ients,J. Di�erential Equations, 157 (1999), pp. 41{60.[7℄ C. Klingenberg, N.H. Risebro, Convex 
onservation laws with dis
ontinuous 
oeÆ
ients.Existen
e, uniqueness, and asymptoti
 behavior, Comm. Partial Di�erential Equations,20, (1995), pp. 1959{190.[8℄ S.N. Kruzkov, First order quasilinear equations in several independent variables, Math. USSRSbornik, 10, (1970), pp. 217{243.[9℄ N. N. Kuznetsov, A

ura
y of some approximate methods for 
omputing the weak solutionsof a �rst-order quasilinear equation, USSR Comp. Math. Phys., 16, 6 (1976), pp. 105{119.[10℄ P.D. Lax, B Wendroff, Systems of 
onservation laws, Comm. Pure Appl. Math., 23 (1960),pp. 217-237.[11℄ R. J. Leveque, Numeri
al methods for 
onservation laws, Birkhauser Verlag, Boston, MA,1992.[12℄ L. Lin, J.B. Temple, J. Wang, A 
omparison of 
onvergen
e rates for Godunov's method andGlimm's method in resonant nonlinear systems of 
onservation laws, SIAM J. Numer.Anal., 32 (1995), pp. 824-840.[13℄ L. Longwei, J.B. Temple, W. Jinghua, Suppression of os
illations in Godunov's method fora resonant non-stri
tly hyperboli
 system, SIAM J. Numer. Anal., 32 (1995), pp. 841-864.[14℄ S. J. Osher, Riemann solvers, the entropy 
ondition, and di�eren
e approximations, SIAM J.Numer. Anal., 21 (1984), pp. 217{235.[15℄ S. J. Osher, S. Chakravarthy, High resolution s
hemes and the entropy 
ondition, SIAM J.Numer. Anal., 21 (1984), pp. 955{984.[16℄ B. K. Quinn, Solutions with sho
ks: An example of an L1-
ontra
tive semigroup, Comm. PureAppl. Math., 24 (1971), pp. 125-132.[17℄ R. Sanders, On 
onvergen
e of monotone di�eren
e s
hemes with variable spatial di�eren
ing,Math. Comp., 40 (1983), pp. 91{106.[18℄ J. Smoller, Sho
k waves and rea
tion-di�usion equations, Springer-Verlag, New York, NY,1983.[19℄ B. Temple, Global solution of the 
au
hy problem for a 
lass of 2x2 nonstri
tly hyperboli

onservation laws, Adv. in Appl. Math., 3 (1982), pp. 335{375.[20℄ A. Tveito and R. Winther, The solution of nonstri
tly hyperboli
 
onservation laws may behard to 
ompute, SIAM J. S
i. Comput., 16 (1995), pp. 320{329.


