
A DIFFERENCE SCHEME FOR CONSERVATION LAWS WITH ADISCONTINUOUS FLUX - THE NONCONVEX CASEJOHN D. TOWERS�Abstra
t. In a previous work by the author, 
onvergen
e was established for a simple di�eren
es
heme approximating a s
alar 
onservation law where the 
ux was 
on
ave, and had a dis
ontinuousspatially varying 
oeÆ
ient. The main result of this paper is an extension of that 
onvergen
e theoremto the situation where the 
ux may have any �nite number of 
riti
al points. Additionally, spatiallyvarying sour
e terms are allowed. The spatially varying numeri
al 
ux is also shown to satisfymaximum and minimum prin
iples, and to be Total Variation De
reasing (TVD) in time.Key words. 
onservation laws, di�eren
e approximations, dis
ontinuous 
oeÆ
ients, non
on-vex, sour
e termsAMS subje
t 
lassi�
ations. 35L65, 65M06, 65M12, 35R051. Introdu
tion. This paper dis
usses a �nite di�eren
e algorithm for the s
alarCau
hy problem ut + (k(x)f(u)� a(x))x = 0; u(x; 0) = u0(x);(1.1)where (x; t) 2 R � R+. It 
ontinues the investigation initiated in [19℄, where itwas assumed that f was 
on
ave and the sour
e term a was not present. The 
uxk(x)f(u) � a(x) in 1.1 has a possibly dis
ontinuous spatial dependen
e through thepositive 
oeÆ
ient k(x) and the sour
e term a(x), whi
h are allowed to have jumpdis
ontinuities. A simple physi
al model 
orresponding to 1.1 is traÆ
 
ow on ahighway [11℄, [20℄. Spatial variation of the 
oeÆ
ient k would 
orrespond to 
hangesin road 
onditions a�e
ting the maximum speed, and jumps in the sour
e term a 
anbe used to model highway entran
es and exits, as in [22℄. One-dimensional s
alar
onservation laws with dis
ontinuous 
oeÆ
ients also arise in dimensional splittingmethods for solving multidimensional Hamilton-Ja
obi equations [7℄.The assumptions 
on
erning the data are that u0 2 L1TL1TBV and a; k 2L1lo
TL1TBV . Here BV denotes the spa
e of lo
ally integrable fun
tions w havingbounded total variation, denoted TV (w). Even when a(x), k(x) and the initial datau0(x) are smooth, solutions to 1.1 develop dis
ontinuities after �nite time, and soweak solutions are sought, whi
h satisfyZR�R+(�tu+ �x(kf(u)� a))dxdt + ZR �(x; 0)u0(x)dx = 0(1.2)for every smooth test fun
tion � with 
ompa
t support in R�R+.When a = 0, the s
alar 
onservation law 1.1 
an be written as a 2x2 system,ut + (kf(u))x = 0; kt = 0:(1.3)In this form, it provides a simple model of a nonstri
tly hyperboli
 system. Theeigenvalues of the system 
oin
ide wherever f 0 vanishes, a situation des
ribed as reso-nan
e. Resonant systems, and in parti
ular simple models of the form 1.3, have beenaddressed by a number of authors [8℄, [9℄, [10℄, [21℄ in re
ent years.�non
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2 J.D. TowersLike [19℄, this paper approa
hes 1.1 as a s
alar 
onservation law. The previouspaper established 
onvergen
e for a simple monotone s
alar di�eren
e s
heme, withthe 
ux assumed to be stri
tly 
on
ave and no sour
e term. It is well known thatwhen k and a are 
onstant, monotone s
hemes 
onverge to the physi
ally relevantentropy solution to the Cau
hy problem, and no 
on
avity or 
onvexity 
ondition onthe 
ux is required. (See referen
es [1℄, [6℄, [16℄, or the textbook [11℄ for the relevanttheory of monotone s
hemes in the setting where k and a are 
onstant.) Thus it isnatural to attempt to remove the 
on
avity 
ondition imposed in [19℄. This providesthe motivation for the present paper, whi
h extends the 
onvergen
e theorem of thatpaper to a large 
lass of non
onvex 
ux fun
tions, and allows for the presen
e ofspatially varying sour
e terms. As in the previous paper, 
ompa
tness is establishedhere by bounding the total variation of a singular fun
tion, referred to as 	. However,the proof of the variation bound in [19℄ relied on the fa
t that the 
ux had a singleextremum, and so a di�erent approa
h is required. In this paper the variation boundfollows from a �nite number of dis
rete entropy inequalities, one for ea
h maximalinterval where the 
ux f is monotone. In order to guarantee that the singular mapping	 is invertible, the 
ux is assumed to be nondegenerate in the sense that it has only�nitely many 
riti
al points. For example, the degenerate, but possibly important,
ase where f is 
onstant on some interval, is ruled out.The 
onstru
tion of the numeri
al s
heme, whi
h is des
ribed next, is similar tothe one in [19℄, with the following ex
eptions: the 
ase of inde�nite k is not addressedhere, and sour
e terms are in
luded. The spatial domain R is dis
retized into uniform
ells Ij = [xj��x=2; xj+�x=2) 
entered at the points xj = j�x for j 2 Z. Similarly,the time domain R+ is divided into time strips In = [tn; tn+1), where tn = n�t forn 2 Z+. Let �j;n be the 
hara
teristi
 fun
tion for the re
tangle Ij � In. Forea
h mesh size � = �x, the �nite di�eren
e s
heme generates a pie
ewise 
onstantapproximation u�(x; t) =Xn�0 +1Xj=�1�j;n(x; t)Unj :Cell averages are used to dis
retize the initial data:u�(x; 0) = +1Xj=�1�j(x)U0j ; U0j = 1�x ZIj u0(x)dx;where �j(x) is the 
hara
teristi
 fun
tion for the interval Ij . The approximations Unjare generated viaUn+1j = Unj � �((kj+ 12hj+ 12 � aj+ 12 )� (kj� 12hj� 12 � aj� 12 )):(1.4)Here, � = �t=�x, and hj+ 12 = h(Unj+1; Unj ) is the Engquist-Osher (EO) numeri
al
ux [3℄, de�ned by h(v; u) = 12(f(u) + f(v))� 12 Z vu jf 0(w)jdw:(1.5)The EO 
ux is a two point monotone (nonde
reasing with respe
t to the se
ondargument, nonin
reasing with respe
t to the �rst) numeri
al 
ux, h(v; u), 
onsistent



Di�eren
e S
heme for a Dis
ontinuous Non
onvex Flux 3with f , i.e., h(u; u) = f(u). Employing the notational 
onventions 
+ = max(
; 0),
� = min(
; 0), the partial derivatives of the EO 
ux satisfyf 0�(v) = hv(v; u) � 0 � hu(v; u) = f 0+(u);from whi
h it is evident that kf 0k1 is a Lips
hitz 
onstant, with respe
t to botharguments, for the EO 
ux. In [19℄, 
onvergen
e was established for versions of thes
heme based on both the Godunov and EO numeri
al 
uxes. For the more generalnon
onvex 
ux 
onsidered here, the author has only been able to prove 
onvergen
efor the EO version. The EO 
ux and its asso
iated numeri
al entropy 
ux ea
h havea 
lose fun
tional relationship with both the singular fun
tion 	, and the entropy
ux asso
iated with the 
onvex entropy ju � 
j. The proof of Theorem 3.2 dependson these relationships.In the s
heme 1.4, the 
oeÆ
ients a and k are approximated at ea
h 
ell boundary,resulting in dis
retized versions of k and a,k�(x) = +1Xj=�1�j+ 12 (x)kj+ 12 kj+ 12 = 1�x Z xj+1xj k(x)dx;a�(x) = +1Xj=�1�j+ 12 (x)aj+ 12 aj+ 12 = 1�x Z xj+1xj a(x)dx:Here �j+ 12 (x) is the 
hara
teristi
 fun
tion for the interval Ij+ 12 = [xj ; xj+1). Thedis
retized versions of a and k, a� and k�, are staggered with respe
t to that of u,resulting in a redu
tion in 
omplexity, 
ompared with the approa
h where the threedis
retizations are aligned.For a = 0, the theory for the 
onservation law 1.1 is already well established forthe 
ase of 
on
ave f . In that setting, the authors of referen
e [9℄ proved existen
eand uniqueness, and studied the asymptoti
 behavior of the solution. A front tra
kings
heme was used to 
onstru
t the solution, and a singular fun
tion was employed asan analyti
al tool to establish 
ompa
tness. The 
on
ept of a
hieving 
ompa
tness fors
alar 
onservation laws via a singular mapping, whi
h appears in both [19℄ and thepresent paper, is borrowed from [9℄. Referen
e [8℄ establishes 
ontinuous dependen
eon the initial data u0 and the 
oeÆ
ient k. The non
onvex 
ase appears to havere
eived less attention in the resear
h literature. One re
ent 
ontribution to thetheory for the non
onvex 
ase is referen
e [10℄. The authors of that arti
le 
onstru
teda front-tra
king s
heme, and again used a singular fun
tion, to establish existen
e anduniqueness for the non
onvex 
ux f(u) = sin(u) for u 2 [��; �℄. That problem aroseas an auxiliary equation to a resonant system, whi
h was the primary fo
us of theirpaper. Presumably, the approa
h in that work 
ould be applied to other equationshaving a non
onvex 
ux.For 
onstant k, the equation 1.1 having spatially varying sour
e terms,ut + (f(u)� a)x = 0; u(x; 0) = u0(x);(1.6)was studied in [4℄. Existen
e and uniqueness were established for the 
ase of 
onvex f ,and a assumed pie
ewise smooth. This was a

omplished by �nding an expli
it solu-tion to the Riemann problem, where a jump in both a and u are allowed. The 
orre
tentropy 
onditions for the solution a
ross su
h a jump were also found, from whi
h



4 J.D. Towersit was shown that the semigroup of pie
ewise 
ontinuous solutions is L1-
ontra
tive.In addition, a Godunov s
heme was 
onstru
ted, using the solution to the Riemannproblem, and L1 stability was proven for the s
heme. In the terminology of thepresent work, the s
heme 
onstru
ted in [4℄ has dis
retizations of u and a that arealigned.S
alar 
onservation laws with spatial and temporal dis
ontinuities in the 
ux havealso been investigated from the point of view of Hamilton-Ja
obi equations. Referen
e[15℄ applies 
ontrol theory te
hniques to establish uniqueness and existen
e for theHamilton-Ja
obi equation ut + H(K(x; t); ux) = 0 where H is 
onvex as a fun
tionof ux, and K is allowed to be dis
ontinuous along a �nite number of 
urves. Viathe 
orresponden
e between s
alar 
onservation laws and Hamilton-Ja
obi equations,this establishes the 
orresponding fa
ts for the 
onservation law ut +H(K(x; t); u)x.Referen
e [14℄ provides an example of a non
onvex Hamiltonian having a dis
ontinuousparameter, derived from a radar shape-from-shading problem. In this appli
ation, thedis
ontinuous parameter is the radar intensity fun
tion, 
orresponding to the densityof radar signal returns. Convergen
e is established for a monotone di�eren
e s
hemefor the Hamilton-Ja
obi equation of that paper, under the assumption that the limitsof 
ertain upper and lower approximating sequen
es 
oin
ide.The organization of the remainder of the paper is as follows. Se
tion 2 dis
ussesthe monotoni
ity property of the s
heme and a priori bounds on the numeri
al ap-proximations. Se
tion 3 provides a proof of the main result of the paper, 
onvergen
eof a subsequen
e to a weak solution of 1.1. Se
tion 4 presents results 
on
erningmaximum prin
iples and variation stability for the 
ux kf(u)�a. Se
tion 5 dis
ussesareas for further investigation.2. Monotoni
ity and L1 stability. As in [19℄, monotoni
ity is an importantproperty of the algorithm. For a �xed mesh size � and �, let �� denote the timeadvan
e operator for the s
heme, ��(u�(�; tn)) = u�(�; tn+1). Let S� denote a setof step fun
tions of the form s� = Pj �j(x)Sj , i.e., 
onstant on the spatial meshasso
iated with the mesh size �. A �nite di�eren
e s
heme su
h as 1.4 is monotoneon S� if s�1 � s�2 ) ��(s�1 ) � ��(s�2 )for any pair of step fun
tions s�1 ; s�2 2 S�.Proposition 2.1. Assume that a � a(x) � a, 0 < k � k(x) � k and that thereare real numbers w � ew � ev � v su
h that1. ew � infx u0(x) � u0(x) � supx u0(x) � ev for all x 2 R.2. f 2 C1([w; v℄), and f is monotone on both of the intervals Iw = [w; ew℄ andIv = [ev; v℄.3. There are 
onstants � and � su
h that the equationskf(v)� a = �; kf(w)� a = �(2.1)have solutions v(k; a; x) 2 [ev; v℄, w(k; a; x) 2 [w; ew℄ for all k 2 [k; k℄ and all a 2 [a; a℄.4. The CFL 
ondition �kkk1jf 0(�)j � 1 holds for all � 2 [w; v℄.Then,A. The 
omputed approximations satisfy u�(x; tn) 2 [w; v℄ for all n � 0 and all� > 0.B. u�(�; tn) 2 L1(R)TBV (R) for all n � 0 and all � > 0.



Di�eren
e S
heme for a Dis
ontinuous Non
onvex Flux 5C. For all n > 0 and all � > 0,ku�(�; tn+1)� u�(�; tn)k1 � ku�(�; tn)� u�(�; tn�1)k1� ku�(�; t1)� u�(�; t0)k1� f2�kkk1kf 0k1TV (u0) + �khk1TV (k) + �TV (a)g�x:(2.2)Proof. Suppose that f is nonde
reasing on [ev; v℄; the 
ase where f is nonin
reasingis similar. Let Vj = f�1((�+aj+ 12 )=kj+ 12 ); where f�1 denotes the bran
h of f�1 su
hthat Vj 2 [ev; v℄. Sin
e f is nonde
reasing on [ev; v℄, h(Vj+1; Vj) = f(Vj), due to theupwind property of the EO 
ux. Thuskj+ 12h(Vj+1; Vj)� aj+ 12 = �;whi
h does not depend on j. Let v�(x) =Pj �j(x)Vj . It follows that v� is a �xedpoint of the time advan
e mapping, i.e. ��(v�) = v�. Similarly, it is possible to
onstru
t a �xed point w� =Pj �j(x)Wj su
h that Wj 2 [w; ew℄. By 
onstru
tion,w � w� � u�(�; 0) � v� � v:Let S� be the set of step fun
tions of the form s�(x) =Pj �j(x)Sj , where w � Sj � vfor all j. The CFL 
ondition guarantees monotoni
ity of the s
heme on S� (seeProposition 2.1 of [19℄), sow � w� = ��(w�) � ��(u�(�; 0)) � ��(v�) = v� � v:Thus u�(�; t1) = ��(u�(�; 0)) also lies in [w; v℄ and w� � u�(�; t1) � v�. (It mayhappen that ew � u�(�; tn) � ev fails to hold after the �rst step; this does not a�e
tthe validity of the indu
tion step.) Continuing this indu
tively shows that u�(�; tn)lies in [w; v℄ for all n � 0, 
ompleting the proof of A.To prove B., letkfk1 = max[w;v℄ jf(�)j; kf 0k1 = max[w;v℄ jf 0(�)j;khk1 = maxfjh(�1; �2)j : �1; �2 2 [w; v℄g:Then, ku�(�; t1)� u�(�; t0)k1 � 2�kf 0k1kTV (u0)�x+ �khk1TV (k)�x + �TV (a)�x;(2.3)whi
h shows that u�(�; t1) 2 L1. Also,TV (u�(�; t1)) � 2ku�(�; t1)� u�(�; t0)k1=�x+ TV (u�(�; t0));whi
h shows that TV (u�(�; t1)) < 1. Continuing this pro
ess indu
tively yields thefollowing pair of inequalities:ku�(�; tn+1)� u�(�; tn)k1 � �(2kf 0k1kTV (u(�; tn)) + khk1TV (k) + TV (a))�x;TV (u�(�; tn+1)) � 2ku�(�; tn+1)� u�(�; tn)k1=�x+ TV (u�(�; tn));(2.4)



6 J.D. Towerswhi
h 
ompletes the proof of B.Finally, C. follows from the Crandall-Tartar lemma [1℄, [2℄, applied indu
tively totwo su

essive time steps, u�(�; tn) and u�(�; tn+1), of the approximate solutions. Aslight extension of the usual version of the Crandall-Tartar lemma is required here,sin
e the s
heme 1.4 does not generally preserve the integral. In fa
t,ZR u�(x; tn+1)dx = ZR u�(x; tn)dx� (k(x)f(0) � a(x))���+1�1:It is easily 
he
ked that the the Crandall-Tartar lemma remains valid if the integralis preserved modulo a 
onstant (with respe
t to n), as is the 
ase here.The immediate reason for establishing B. in Proposition 2.1 is that u�(�; tn) 2 L1is required for Crandall-Tartar lemma. The variation estimate was needed to provethat u�(�; tn) 2 L1. These bounds will also be required in the next se
tion. It is 
learthat Proposition 2.1 only establishes u�(�; tn) 2 L1TBV for ea
h �xed � > 0, anddoes not provide any useful information when � ! 0. In fa
t, Example 5. providesan example where TV (u�(�; t))!1 as �! 0.The main ingredient in establishing bounds for the approximate solutions u� inProposition 2.1 is the existen
e of �xed point solutions, above and below the initialdata. This idea was previously used in [4℄ for the equation 1.6 with a 
onvex 
ux,with similar results. (See example 4. below.)Example 1. In the 
ase where a and k are 
onstant, the usual maximum andminimum prin
iples for monotone s
hemes are re
overed, i.e.,u�(x; tn) 2 [infx u0(x); supx u0(x)℄for all x and all n � 0. Within the framework of Proposition 2.1,� = kf(supx u0(x)) � a; v(k; a; x) = supx u0(x); ev = v = supx u0(x);� = kf(infx u0(x)) � a; w(k; a; x) = infx u0(x); ew = w = infx u0(x):Example 2. Take the 
ase with no sour
e terms, a = 0, and let f(ev) ! 0,f( ew) ! 0. In that 
ase, the only restri
tion on the range of k is the CFL 
ondition,and the maximum and minimum prin
iples u�(x; tn) 2 [ ew; ev℄ are again re
overed.From the point of view of Proposition 2.1, the equations 2.1 are satis�ed trivially by� = � = 0, v(k; a; x) = ev, w(k; a; x) = ew. This 
ondition has been assumed in anumber of works, eg., [8℄, [9℄, [10℄, [19℄.Example 3. Take the sour
e-free equation ut + (kf(u))x = 0, with f stri
tly
onvex, symmetri
 about u = 0, and f(0) = 0, and assume that the initial data takesboth signs. Let f�1l and f�1r denote the negative and positive bran
hes of f�1. Withthe notation of Propostion 2.1� = kf(supx u0(x)); v(k; x) = f�1r � kk(x)f(ev)�; ev = supx u0(x);� = kf(infx u0(x)); w(k; x) = f�1l � kk(x)f( ew)�; ew = infx u0(x):



Di�eren
e S
heme for a Dis
ontinuous Non
onvex Flux 7Taking the minimum of w and the maximum of v givesv = f�1r �kk f(ev)�; w = f�1l �kk f( ew)�;from whi
h the following bounds are produ
edf�1l �kk f(infx u0(x))� � u�(x; tn) � f�1r �kkf(supx u0(x))�for all x and n � 0. If the initial data only takes one sign, then u = 0 
an be used forone of the bounds on u�.Example 4. With the same assumptions about f and u0 as in the previousexample, take the equation ut+f(u)x = ax. Let ew = infx u0(x) < 0, ev = supx u0(x) >0, and w = f�1l (f(infx u0(x)) + a� a), v = f�1r (f(supx u0(x)) + a� a), � = f(~v)� a,� = f( ~w)� a,v(a; x) = f�1r (f(supx u0(x)) + a(x) � a); w(a; x) = f�1l (f(infx u0(x)) + a(x)� a);resulting in the boundsf�1l (f(infx u0(x)) + a� a) � u�(x; tn) � f�1r (f(supx u0(x)) + a� a)for all x and n � 0. Applying f to this inequality givesf(u�(x; tn)) � f(supx u0(x)) + a� a; f(u�(x; tn)) � f(infx u0(x)) + a� a:Combining these two inequalities yieldsf(u�(x; tn)) � supx f(u0(x)) + a� a;whi
h is 
losely related to (but weaker than) the bound derived in [4℄ for the solutionto the Cau
hy problem 
onstru
ted in that paper.As a pra
ti
al matter, Proposition 2.1 provides a re
ipe for determining a priorian allowable time step �t for a given mesh re�nement � = �x: Use 1., 2., and 3.to �nd w and v (assuming that they exist), then 
ompute � = �t=�x su
h that theCFL 
ondition 4. holds.3. Convergen
e. This se
tion establishes the main result of the paper, 
onver-gen
e of a subsequen
e to a weak solution of the 
onservation law.Theorem 3.1. Let a; k 2 L1lo
TBV TL1, a � a(x) � a and 0 < k � k(x) � k.Assume that the 
onditions stated in Proposition 2.1 are satis�ed. Let f 2 C1([w; v℄)with �nitely many 
riti
al points. Let u0 2 BV TL1TL1, ew � u0(x) � ev. Let themesh size �! 0 with � �xed and satisfying the CFL 
ondition stated in Proposition2.1, resulting in the sequen
e of approximations u�. Then, there is a weak solution uof 1.2 and a subsequen
e u�i su
h that u�i ! u a.e. and in L1lo
(R � [0;1)). Thelimit solution u satis�es the bounds w � u(x; t) � v a.e.The strategy for establishing Theorem 3.1 is basi
ally the same, with some mod-i�
ations where ne
essary, as was used to prove Theorem 3.2 of [19℄. The proof ofthat theorem was patterned after standard 
ompa
tness arguments as found in [16℄and [17℄, with the ex
eption that the 
ompa
tness argument in [19℄ was applied to the



8 J.D. Towerstransformed quantity z�, rather than the 
onserved variable u�. On
e 
ompa
tnesswas established for z�, the variable of ultimate interest, u, was re
overed by invertingthe singular mapping 	. The same approa
h is used in what follows.By way of establishing notation, let �+ and �� denote forward and ba
kwarddi�eren
e operators. For example, �+hj� 12 = ��hj+ 12 = hj+ 12 � hj� 12 . Let �(w) =w=jwj, for w 6= 0, and �(w) = 0 if w = 0. Let 
0 = [w; v℄, and j
0j = v � w, wherew and v are the bounds referred to in Proposition 2.1 . Finally, let �r(w; 
) be the
hara
teristi
 fun
tion for the interval [
;+1), and let �l(w; 
) be the 
hara
teristi
fun
tion for (�1; 
℄.One other preliminary matter is the 
onvergen
e of the various in�nite sums overthe domain j 2 Z whi
h will appear in what follows. Absolute 
onvergen
e of thesesums in ea
h 
ase results ultimately from the bounds TV (a�) < 1, TV (k�) < 1,and Pj jUnj j�x <1, Pj jUnj+1 � Unj j <1. The last two of these inequalities are 3.of Proposition 2.1As dis
ussed in [19℄, a singular mapping has been used by a number of authors,(eg., [9℄, [12℄, [13℄, [18℄) to establish 
ompa
tness for resonant systems. For the 
aseof f 
on
ave with a single 
riti
al point lo
ated at u�, the singular fun
tion of [9℄,	(u; k) = (k=f(u�)) R uu� jf 0(w)jdw, due originally (in a somewhat di�erent form) toTemple, was used in [19℄ to prove 
ompa
tness. In this paper, the following versionof 	 will be used: 	(u; k; a) = k Z u0 jf 0(w)jdw � a:The normalizing fa
tor f� has been dropped and the sour
e term a has been added. Itis 
lear that sin
e k > 0 and jf 0j > 0 a.e., 	(u; k; a) is stri
tly in
reasing with respe
tto u. Zero is 
hosen as the lower limit of integration in the formula for 	 purely for
onvenien
e; any real number within [w; v℄ would work. With u0 2 L1, [w; v℄ must
ontain the origin, possibly as an endpoint.Sin
e f has only �nitely many 
riti
al points, there are �nitely many pointsw = u�0 < u�1 < � � � < u�m < u�m+1 = v su
h that f is stri
tly monotone in (u�� ; u��+1),for 0 � � � m, and ea
h of u�1; � � � ; u�m is an extremum of f . Obviously, fu�1; : : : ; u�mg ispossibly only a subset of the 
riti
al points of f ; for the purpose of this analysis, thosewhi
h do not 
orrespond to extrema are simply ignored. Without loss of generality,assume that f is stri
tly in
reasing in (w; u�1), so thatu 2 (u�i ; u�i+1)) �(f 0(u)) = (�1)i:The 
ase where f is stri
tly de
reasing in (w; u�1) is 
ompletely analogous.The following Lips
hitz 
ontinuity relationships in u and k follow dire
tly fromthe de�nition of 	 and the assumptions about the 
ux f :j	(u; k1; a)�	(u; k2; a)j � j
0jkf 0k1jk1 � k2j;(3.1) j	(u1; k; a)�	(u2; k; a)j � kkk1kf 0k1ju1 � u2j(3.2) j	(u; k; a1)�	(u; k; a2)j � ja1 � a2j:(3.3)Let z�(x; t) = 	(u�(x; t); k�(x); a�(x)). This is the sequen
e of fun
tions forwhi
h 
ompa
tness will be proven.Theorem 3.2. Let zn(x) = z�(x; tn). With the assumptions stated in Theorem3.1, TV (zn) is bounded uniformly, for all n � 0, and all � > 0.
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onvex Flux 9The proof pro
eeds by a series of lemmas. The �rst four lemmas lead up to thepair of inequalities stated in Lemma 3.6, whi
h 
an be viewed as a pair of dis
reteentropy inequalities, parameterized by 
. The singular mapping is then de
omposedinto 
omponents with support limited to maximal segments where f is monotone.The next two lemmas (3.7 and 3.8) then use the entropy inequalities to show thatea
h of those 
omponents of the singular fun
tion has bounded variation. Only a�nite set of entropy inequalities are used; spe
i�
ally, those resulting from values ofthe parameter 
 lo
ated at 
riti
al points 
orresponding to extrema of f .Lemma 3.3. Let 
 2 R. For the 
onvex entropy pair V (u) = ju � 
j, F (u) =�(u� 
)(f(u)� f(
)), and Wj 
omputed using the EO numeri
al 
ux viaWj = Uj � �kj+ 12�+hj+ 12 ;(3.4)the following dis
rete entropy inequality holdsV (Wj) � V (Uj)� �kj+ 12�+Hj� 12 ;(3.5)where the numeri
al entropy 
ux is de�ned byHj+ 12 = 12(F (Uj) + F (Uj+1))� 12 Z Uj+1Uj �(f 0(w))�(w � 
)f 0(w)dw:(3.6)Proof. The proof is an appli
ation of the numeri
al entropy 
ux 
onstru
ted inthe proof of Proposition 4.1 of [1℄. Spe
i�
ally, the numeri
al entropy 
uxkj+ 12H(Uj+1; Uj) = kj+ 12h(Uj+1 _ 
; Uj _ 
)� kj+ 12h(Uj+1 ^ 
; Uj ^ 
)(3.7)is applied to the EO 
ux kj+ 12h 
onsistent with the 
ux kj+ 12 f . Here a_b = max(a; b),a ^ b = min(a; b). Dropping the multiplier kj+ 12 , formula 3.7 givesH(Uj+1; Uj) = 12(f(Uj _ 
)� f(Uj ^ 
)) + 12(f(Uj+1 _ 
)� f(Uj+1 ^ 
))� 12 Z Uj+1_
Uj_
 jf 0(w)jdw + 12 Z Uj+1^
Uj^
 jf 0(w)jdw(3.8)The formula 3.6 for the EO entropy 
ux then follows from the identitiesf(U _ 
)� f(U ^ 
) = �(U � 
)(f(U)� f(
)) = F (U);and � Z V _
U_
 jf 0(w)jdw + Z V ^
U^
 jf 0(w)jdw = � Z VU �(f 0(w))�(w � 
)f 0(w)dw;whi
h are readily veri�ed by 
onsidering the three 
ases 
orresponding to whether 
is less than, greater than, or between, U and V .Lemma 3.4. For the EO 
ux and its asso
iated numeri
al entropy 
ux 3.6 
on-sistent with entropy 
ux F (u) = �(u � 
)(f(u) � f(
)), the following identities aresatis�ed:12(�+Hj� 12 +�+hj� 12 ) = Z Unj+1Unj �r(w; 
)f 0�(w)dw + Z UnjUnj�1 �r(w; 
)f 0+(w)dw;(3.9)



10 J.D. Towers12(�+Hj� 12 ��+hj� 12 ) = � Z Unj+1Unj �l(w; 
)f 0�(w)dw � Z UnjUnj�1 �l(w; 
)f 0+(w)dw:(3.10)Proof. The de�nition of the EO 
ux 1.5 and its asso
iated dis
rete entropy 
ux3.6 yield the identities�+Hj� 12 = Z Unj+1Unj �(w � 
)f 0�(w)dw + Z UnjUnj�1 �(w � 
)f 0+(w)dw;(3.11) �+hj� 12 = Z Unj+1Unj f 0�(w)dw + Z UnjUnj�1 f 0+(w)dw:(3.12)Adding 3.12 to 3.11, then dividing by two, and using the identities12(�(w � 
) + 1) = �r(w; 
); 12(�(w � 
)� 1) = ��l(w; 
)(3.13)gives 3.9. Similarly, 3.10 results by subtra
ting 3.12 from 3.11, then dividing by two.Lemma 3.5. With the assumptions stated in Theorem 3.1, the following relation-ships hold:Un+1j = Unj � �kj+ 12�+hj� 12 + Cnj �+kj� 12 + ��+aj� 12 ; jCnj j � �khk1;(3.14) V (Un+1j ) � V (Unj )� �kj+ 12�+Hj� 12 + �khk1j�+kj� 12 j+ �j�+aj� 12 j:(3.15)Proof. The equation in 3.14 is just 1.4 with Cnj = ��hj� 12 . The inequality followsfrom jCnj j � �jhj� 12 j � �khk1(3.16)For 3.15, with Wj de�ned by 3.4, the dis
rete entropy inequality 3.5 givesV (Un+1j ) � V (Unj )� �kj+ 12�+Hj� 12 + (V (Un+1j )� V (Wj))= V (Unj )� �kj+ 12�+Hj� 12 + jUn+1j � 
j � jWj � 
j:Inequality 3.15 then follows fromjUn+1j � 
j � jWj � 
j � jUn+1j �Wj j � �khk1j�+kj� 12 j+ �j�+aj� 12 j:Lemma 3.6. With the assumptions stated in Theorem 3.1, the following inequal-ities are valid:kj+ 12 Z Unj+1Unj �r(w; 
)f 0�(w)dw + kj� 12 Z UnjUnj�1 �r(w; 
)f 0+(w)dw� 1� (Unj � Un+1j )+ + (khk1 + kf 0k1j
0j)j�+kj� 12 j+ j�+aj� 12 j;(3.17)
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ontinuous Non
onvex Flux 11�kj+ 12 Z Unj+1Unj �l(w; 
)f 0�(w)dw � kj� 12 Z UnjUnj�1 �l(w; 
)f 0+(w)dw� �1� (Unj � Un+1j )� + (khk1 + kf 0k1j
0j)j�+kj� 12 j+ j�+aj� 12 j:(3.18)Proof. Rearranging 3.15 and dividing by � results inkj+ 12�+Hj� 12 � 1� (V (Unj )� V (Un+1j )) + khk1j�+kj� 12 j+ j�+aj� 12 j= 1� (jUnj � 
j � jUn+1j � 
j) + khk1j�+kj� 12 j+ j�+aj� 12 j� 1� jUnj � Un+1j j+ khk1j�+kj� 12 j+ j�+aj� 12 j:(3.19)Adding 3.19 to the following rearrangement of 3.14,kj+ 12�+hj� 12 = 1� (Unj � Un+1j ) + 1�Cnj �+kj� 12 +�+aj� 12 ;(3.20)dividing by two, then applying 3.9 yieldskj+ 12 Z Unj+1Unj �r(w; 
)f 0�(w)dw + kj+ 12 Z UnjUnj�1 �r(w; 
)f 0+(w)dw� 1� (Unj � Un+1j )+ + khk1j�+kj� 12 j+ j�+aj� 12 j:(3.21)Similarly, subtra
ting 3.20 from 3.19, dividing by two, then applying 3.10 gives�kj+ 12 Z Unj+1Unj �l(w; 
)f 0�(w)dw � kj+ 12 Z UnjUnj�1 �l(w; 
)f 0+(w)dw� �1� (Unj � Un+1j )� + khk1j�+kj� 12 j+ j�+aj� 12 j:(3.22)The se
ond term on the left in 3.17 results from the 
orresponding term in 3.21:kj� 12 Z UnjUnj�1 �r(w; 
)f 0+(w)dw = (kj+ 12 ��+kj� 12 ) Z UnjUnj�1 �r(w; 
)f 0+(w)dw� kj+ 12 Z UnjUnj�1 �r(w; 
)f 0+(w)dw + j�+kj� 12 j���Z UnjUnj�1 jf 0(w)jdw���:Then, sin
e Unj remains within the invariant domain 
0 = [w; v℄, 3.17 follows from���Z UnjUnj�1 jf 0(w)jdw��� � kf 0k1jUnj+1 � Unj j � kf 0k1j
0j:The inequality 3.18 follows in a similar way from 3.22.Let �(u) = (	(u; k; a) + a)=k = R u0 jf 0(w)jdw. For � = 0; 1; : : : ;m, let ��(u) bethe 
hara
teristi
 fun
tion of the interval [u�� ; u��+1). De
ompose � as follows:�(u) = mX�=0��(u); ��(u) = Z u0 ��(w)jf 0(w)jdw:



12 J.D. TowersLemma 3.7. Let Ei+ (Oi+) denote the even (odd) integers � with 0 � i � � � m,and let Ei� (Oi�) denote the even (odd) integers � with 0 � � < i < m. For ea
hi = 1; : : : ;m, the following pair of inequalities holds:kj+ 12 X�2Oi+(�� (Unj )� ��(Unj+1)) + kj� 12 X�2Ei+(��(Unj )� ��(Unj�1))� 1� (Unj � Un+1j )+ + (khk1 + kf 0k1j
0j)j�+kj� 12 j+ j�+aj� 12 j;(3.23)kj+ 12 X�2Oi�(�� (Unj+1)� ��(Unj )) + kj� 12 X�2Ei�(��(Unj�1)� ��(Unj ))� �1� (Unj � Un+1j )� + (khk1 + kf 0k1j
0j)j�+kj� 12 j+ j�+aj� 12 j:(3.24)Proof. For ea
h i = 1; : : : ;m, substitute 
 = u�i into 3.17 and 3.18. With theassumption that f is in
reasing in (w; u�1), it is 
lear that f 0+ = 0 in the odd-numberedintervals, and f 0� = 0 in the even-numbered intervals. Thus,Z Unj+1Unj �r(w;u�i )f 0�(w)dw = X�2Oi+ Z Unj+1Unj ��(w)f 0�(w)dw = � X�2Oi+�+��(Unj );(3.25) Z UnjUnj�1 �r(w;u�i )f 0+(w)dw = X�2Ei+ Z UnjUnj�1 ��(w)f 0+(w)dw = X�2Ei+����(Unj );(3.26)Z Unj+1Unj �l(w;u�i )f 0�(w)dw = X�2Oi� Z Unj+1Unj ��(w)f 0�(w)dw = � X�2Oi��+��(Unj );(3.27) Z UnjUnj�1 �l(w;u�i )f 0+(w)dw = X�2Ei� Z UnjUnj�1 ��(w)f 0+(w)dw = X�2Ei�����(Unj ):(3.28)The ith version of 3.17 yields the 
orresponding version of 3.23, using the de�nitionof the �� , along with the pair of identities 3.25, 3.26. The ith version of 3.24 followsin the same way from 3.18, 3.27, and 3.28.Lemma 3.8. For ea
h i = 0; : : : ;m, there is a 
onstant Ei � 0 su
h thatXj kj+ 12 j�i(Unj+1)� �i(Unj )j � Ei;(3.29)where Ei is independent of � and n.Proof. Starting from the inequality 3.24, with i = 1, giveskj� 12 (�0(Unj�1)� �0(Unj )) � �1� (Unj � Un+1j )�+ (khk1 + kf 0k1j
0j)j�+kj� 12 j+ j�+aj� 12 j;(3.30)
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onvex Flux 13sin
e only the � = 0 term is nonzero in this 
ase. Sin
e the right side of 3.30 isnonnegative, it follows that�Xj kj� 12 (�0 (Unj )� �0(Unj�1))��Xj ��1� (Unj � Un+1j )� + (khk1 + kf 0k1j
0j)j�+kj� 12 j+ j�+aj� 12 j�� 1�Xj jUnj � Un+1j j+ (khk1 + kf 0k1j
0j)TV (k) + TV (a)� 1�Xj jU1j � U0j j+ (khk1 + kf 0k1j
0j)TV (k) + TV (a):(3.31)Using summation by parts gives, for ea
h �,Xj kj+ 12 j��(Unj+1)� ��(Unj )j =Xj kj+ 12 (�+��(Unj ))+ �Xj kj+ 12 (�+��(Unj ))�= 2Xj kj+ 12 (�+��(Unj ))+ �Xj kj+ 12�+��(Unj )= 2Xj kj+ 12 (�+��(Unj ))+ +Xj ��(Unj )�+kj� 12 �Xj �+(kj+ 12 ��(Unj ))= 2Xj kj+ 12 (�+��(Unj ))+ +Xj ��(Unj )�+kj� 12� 2Xj kj+ 12 (�+��(Unj ))+ + j
0jkf 0k1TV (k):(3.32)Similarly,Xj kj+ 12 j��(Unj+1)� ��(Unj )j � �2Xj kj+ 12 (�+��(Unj ))� + j
0jkf 0k1TV (k):(3.33)From 3.31 and 3.33, it follows thatXj kj+ 12 j�0(Unj+1)� �0(Unj )j � E0;where E0 = 2�Xj jU1j � U0j j+ (2khk1 + 3kf 0k1j
0j)TV (k) + 2TV (a):Now taking 3.24 with i = 2, sin
e only 
ontributions from � = 0; 1 are present, giveskj+ 12 (�1(Unj+1) � �1(Unj )) + kj� 12 (�0(Unj�1)� �0(Unj ))� �1� (Unj � Un+1j )� + (khk1 + kf 0k1j
0j)j�+kj� 12 j+ j�+aj� 12 j:



14 J.D. TowersIt follows thatkj+ 12 (�1(Unj+1)� �1(Unj ))+ � kj� 12 j�0(Unj )� �0(Unj�1)j+ �1� (Unj � Un+1j )�+ (khk1 + kf 0k1j
0j)j�+kj� 12 j+ j�+aj� 12 j:(3.34)Combining 3.32 and 3.34 yieldsXj kj+ 12 j�1(Unj+1)� �1(Unj )j � 2Xj kj+ 12 (�+�1(Unj ))+ + j
0jkf 0k1TV (k)� 2Xj kj� 12 j�+�0(Unj�1)j � 2�Xj (Unj � Un�1j )�+ 2Xj (khk1 + kf 0k1j
0j)j�+kj� 12 j+ j
0jkf 0k1TV (k) + 2TV (a)� 2E0 + 2�Xj jUnj � Un+1j j+ (2khk1 + 3kf 0k1j
0j)TV (k) + 2TV (a)� 3E0 � E1:Continuing this way indu
tively from left to right (in
reasing i) with 3.24 gives, forea
h i = 0; : : : ;m� 1Xj kj+ 12 j�i(Unj+1)� �i(Unj )j � 2(E0 + � � �+Ei�1) +E0 � Ei:This leaves only �m to deal with. Starting from the inequality 3.23, with i = m, andpro
eeding as in the 
ase where i = 0, givesXj kj+ 12 j�m(Unj+1)� �m(Unj )j � E0 � Em:It is now possible to prove Theorem 3.2.Proof. Taking into a

ount the jumps in zn at the 
ell boundaries (due to jumpsin u�) and the jumps at the 
ell 
enters (due to jumps in k� and a�), the totalvariation of zn(x) is TV (z) =Xj j�u+znj j+Xj j�k;a+ znj� 12 j;(3.35)where �u+znj = 	(Unj+1; kj+ 12 ; aj+ 12 )�	(Unj ; kj+ 12 ; aj+ 12 );�k;a+ znj� 12 = 	(Unj ; kj+ 12 ; aj+ 12 )�	(Unj ; kj� 12 ; aj� 12 ):The se
ond sum in 3.35, due to jumps in k� and a�, is bounded by j
0jkf 0k1TV (k)+ TV (a), as is seen from the Lips
hitz 
ontinuity estimates 3.1 and 3.3. For the �rstsum, Xj j�u+znj j =Xj kj+ 12 j�(Unj+1)��(Unj )j
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onvex Flux 15=Xj kj+ 12 j mXi=0(�i(Unj+1)� �i(Unj ))j� mXi=0Xj kj+ 12 j�i(Unj+1)� �i(Unj )j � mXi=0 Ei:The proof of Theorem 3.1 follows. It is similar in outline to the proof of Theorem3.2 of [19℄, but is ne
essarily somewhat di�erent, due to the absen
e of 
on
avity, andthe presen
e of sour
e terms.Proof. The 
omputed solutions u� remain within [w; v℄, thanks to the CFL
ondition and Proposition 2.1. Fix B > 0. The following estimateskz�(�; t)k1 � kkf 0k1j
0j+ kak1; Z +B�B jz�(x; t)jdx � 2B(kkf 0k1j
0j+ kak1)whi
h hold uniformly for t � 0, � > 0, prove that for ea
h t � 0, z�(�; t) 2 L1,and z�(�; t) 2 L1lo
(R). Theorem 3.2 provides a uniform bound on TV (z�(�; t)). Thefollowing time-
ontinuity estimate is a dire
t 
onsequen
e of 2.2 of Proposition 2.1,along with the Lips
hitz 
ontinuity relationship 3.2:kz�(�; t+ �)� z�(�; t)k1 � C(j� j +�):Here the 
onstant C is independent of � and t. Using the same argument as in[19℄, there is a subsequen
e denoted z�i , whi
h 
onverges in L1lo
(R � R+)TL1and pointwise a.e. to some fun
tion z 2 L1lo
(R � R+)TL1. For �xed (x; t), letu(x; t) = 	�1(z(x; t); k(x); a(x)). Due to the stri
t monotoni
ity of 	(�; k; a), thefun
tion u is well-de�ned a.e., u 2 [w; v℄ a.e., and u 2 L1lo
(R�R+)TL1. The proofis 
ompleted by dropping the subs
ript on �, and showing that u� ! u a.e. and inL1lo
(R �R+). It is 
lear from its de�nition that � is stri
tly in
reasing and that 	and � are related via 	�1(z; k; a) = ��1((z + a)=k). Fix T > 0. Using the identitiesu = ��1((z + a)=k), u� = ��1((z� + a�)=k�) givesZ T0 Z B�B ju� u�jdxdt = Z T0 Z B�B j��1((z + a)=k)���1((z� + a�)=k�)jdxdt:(3.36)Sin
e a; k 2 BV , (a�; k�)! (a; k) pointwise a.e., and so (z� + a�)=k� ! (z + a)=ka.e. It follows from the 
ontinuity of ��1 that u� ! u a.e. The bounded 
onvergen
etheorem then guarantees that the integral in 3.36 
onverges to zero as � approa
heszero. Proving that the limit u is a weak solution of 1.1 requires a version of the Lax-Wendro� theorem. The statement and proof of Theorem 3.6 of [19℄ are appli
ablehere with only minor modi�
ations.Example 5. Consider the Cau
hy problem for ut+(k(x)f(u))x = 0 with f(u) =1�u2, initial data u0(x) = 0, and the 
oeÆ
ient k(x) = k+1=n = kn for x 2 [n�1; n),n � 1; and k(x) = 1 + k for x � 1. Here k > 0. Then k(x) and u0 satisfy theregularity 
onditions of Theorem 3.1. Also, f has zeros at �1 and +1, so the solutionremains in [�1; 1℄. For small time, the solution 
an be found by solving the Riemannproblems that arise at the jumps in k. Ea
h Riemann problem gives rise to a sho
koriginating from the jump in k lo
ated at x = n, and traveling to the left with speed



16 J.D. Towerssn = �knp1� (kn+1=kn). The value of u to the right of the sho
k and the left ofx = n is un = p1� (kn+1=kn) = �sn=kn. The solution at a small positive time t
an be pi
tured as a sequen
e of re
tangles with their bases tou
hing the x-axis, andright sides tou
hing the verti
al lines x = n. The re
tangle whose right edge is lo
atedat x = n has height un and width snt. This solution satis�es the geometri
 entropy
onditions in [19℄. For this problem 	(u; k) = k�(u)u2. For x at the re
tangle,	(u; k) = 	(un; kn) = knu2n = (kn � kn+1). To the left and right of the re
tangle,	(u; k) = 0. There is a �nite time t0 > 0 su
h that no wave intera
tions o

ur untilt = t0, so for 0 < t < t0,TV (u(�; t)) = 2Xn>0un = 2Xn>0 1np(1 + 1=n)(k + 1=n) =1;ZR ju(x; t)jdx = tXn>0unjsnj = tXn>0 kn(1� kn+1kn ) = tXn>0 1n(n+ 1) <1;TV (	(u(�; t); k(�))) = 2Xn>0(kn � kn+1) = 2TV (k) <1:This example shows the usefulness of the singular mapping. There is no hope ofproving a uniform (in n and �) bound on the total variation of the numeri
al ap-proximations for this Cau
hy problem. It still leaves open the possibility of proving
ompa
tness via lo
al boundedness of the variation. Before leaving this example, it isworth noting that TV (	(u(�; 0); k(�))) = 0, whi
h shows that even though 	 is knownto have bounded total variation, the variation may a
tually in
rease.It is possible to 
onstru
t an analogous example for the equation ut+(u2=2)x = ax,using initial data u0(x) = 0, and the sour
e term a(x) = 1=n for x 2 [n� 1; n), n � 1;and a(x) = 1 for x � 1. The same type of 
al
ulation shows that for small but �nitetime, TV (u(�; t)) =1, while TV (	(u(�; t); a(�))) <1.4. Stability properties of the 
ux approximations. This brief se
tion dis-
usses two stability properties of the 
ux approximations. Monotone s
hemes for theequation ut + f(u)x = 0 have asso
iated maximum and minimum prin
iples, and theTotal Variation De
reasing (TVD) property:minj Unj � Un+1j � maxj Unj ; Xj j�+Un+1j j �Xj j�+Unj j:Clearly these properties do not hold for the approximations Unj produ
ed by anynumeri
al s
heme 
onsistent with the 
onservation law 1.1, sin
e the a
tual solutionto the Cau
hy problem does not have these properties, unless a and k happen to be
onstants. In the variable (k; a) situation, those properties evidently do hold for thegenerated 
ux approximations kj+ 12h(Unj+1; Unj )� aj+ 12 .Theorem 4.1. With the assumptions of Theorem 3.1, and the more restri
tiveCFL 
ondition �kkk1kf 0k1 � 1=2, the 
ux approximations kj+ 12h(Unj+1; Unj )� aj+ 12satisfy the maximum and minimum prin
iplesminj (kj+ 12h(U0j+1; U0j )� aj+ 12 ) � kj+ 12h(Unj+1; Unj )� aj+ 12� maxj (kj+ 12h(U0j+1; U0j )� aj+ 12 )
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onvex Flux 17and the following 
ux-TVD propertyXj j�+(kj+ 12h(Un+1j+1 ; Un+1j )� aj+ 12 )j �Xj j�+(kj+ 12 h(Unj+1; Unj )� aj+ 12 )j:If k is 
onstant, the 
ux-TVD property holds with the CFL 
ondition �kkf 0k1 � 1.Proof. Let hnj+ 12 = h(Unj+1; Unj ), and Dj+ 12 = �+(kj+ 12hnj+ 12 � aj+ 12 ). Thenkj+ 12 hn+1j+ 12 � aj+ 12 = kj+ 12h(Unj+1 � �Dj+ 12 ; Unj � �Dj� 12 )� aj+ 12= kj+ 12 hnj+ 12 � aj+ 12 + kj+ 12 Z 10 dd�h(Unj+1 � ��Dj+ 12 ; Unj � ��Dj� 12 )d�:It follows thatkj+ 12hn+1j+ 12 � aj+ 12 = kj+ 12 hnj+ 12 � aj+ 12 + C+j+ 12Dj+ 12 � C�j� 12Dj� 12= (1� C+j+ 12 � C�j� 12 )(kj+ 12hnj+ 12 � aj+ 12 )+ C+j+ 12 (kj+ 32hnj+ 32 � aj+ 32 ) + C�j� 12 (kj� 12 hnj� 12 � aj� 12 );(4.1)where C+j+ 12 = ��kj+ 12 Z 10 hv(Unj+1 � �Dj+ 12 ; Unj � �Dj� 12 )d�= ��kj+ 12 Z 10 f 0�(Unj+1 � �Dj+ 12 )d�C�j� 12 = �kj+ 12 Z 10 hu(Unj+1 � �Dj+ 12 ; Unj � �Dj� 12 )d�= �kj+ 12 Z 10 f 0+(Unj � �Dj� 12 )d�(4.2)For � 2 [0; 1℄, Unj+1 � �Dj+ 12 lies between Unj+1 and Un+1j+1 , so�kj+ 12 jf 0(Unj+1 � �Dj+ 12 )j � 1=2;due to the CFL 
ondition. Thus,0 � C+j+ 12 � 1=2; 0 � C�j� 12 � 1=2;and so, with the notation 
of�g for the 
onvex hull,kj+ 12hn+1j+ 12 � aj+ 12 2 
ofkj+ 32hnj+ 32 � aj+ 32 ; kj+ 12 hnj+ 12 � aj+ 12 ; kj� 12hnj� 12 � aj� 12 g:The maximum and minimum prin
iples then follow by indu
tion.The �rst line of 4.1 
ontains the following in
remental form for a single time stepof the 
ux:kj+ 12hn+1j+ 12 � aj+ 12 = kj+ 12 hnj+ 12 � aj+ 12 + C+j+ 12�+(kj+ 12 hnj+ 12 � aj+ 12 )� C�j� 12�+(kj� 12 hnj� 12 � aj� 12 ):
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e C+j+ 12 � 0, C�j� 12 � 0, and C+j+ 12 + C�j+ 12 � 1, the 
ux-TVD property followsfrom Lemma 2.2 of [5℄. When k is 
onstantC+j+ 12 + C�j+ 12 = ��k Z 10 f 0�(Unj+1 � �Dj+ 12 )d� + �k Z 10 f 0+(Unj+1 � �Dj+ 12 )d�= �k Z 10 jf 0(Unj+1 � �Dj+ 12 )jd� � 1;and this inequality holds with the less restri
tive CFL 
ondition �kkf 0k1 � 1.Letting � ! 0 gives the following fa
t about solutions of the Cau
hy problem1.1. Corollary 4.2. With the assumptions in Theorem 3.1, the Cau
hy problem 1.1has a weak solution u(x; t) satisfying a.e. the maximum and mininmum prin
iplesinfx (k(x)f(u0(x)) � a(x)) � k(x)f(u(x; t)) � a(x) � supx (k(x)f(u0(x)) � a(x)):For the 
onservation law 1.6 with a 
onvex 
ux, referen
e [4℄ establishes a max-imum prin
iple similar to the one in Theorem 4.1, for the Godunov s
heme of thatpaper, without the additional restri
tion on the CFL 
ondition. It also proves themaximum prin
iple of Corollary 4.2, for the solution to 1.6. The maximum prin
iplesappearing in [4℄ result from a detailed study of entropy satisfying solutions to theRiemann problem, while the approa
h here is via a slight generalization of standardte
hniques from the theory of monotone and TVD s
hemes.It is not 
lear whether the 
ux-TVD portion of Theorem 4.1 
an be used in pla
eof the singular mapping to establish 
onvergen
e, unless the 
ux f(u) happens tobe stri
tly monotone. In that 
ase the singular fun
tion is equal to kf(u) � a. The
ux-TVD property does have some utility in the 
ontext of this paper. The variationbound on z� of Theorem 3.2 depends on L1 
ontra
tiveness (via Lemma 3.8), whi
hrequires uniform time steps. The 
ux-TVD property of Theorem 4.1 remains validwith variable time steps, as long as the CFL 
ondition is satis�ed. In addition, the
ux-TVD property implies a uniform time-
ontinuity estimate for both u� and z�.The time-
ontinuity estimate for u� is suÆ
ient to provide the required bound onTV (z�), thus allowing an extension of the 
onvergen
e result to variable time steps.5. Con
lusion. This paper has extended the 
onvergen
e result of [19℄ to a large
lass of non
onvex 
ux fun
tions, and allowed for spatially varying sour
e terms. Anumber of important issues have not been addressed, and are potential areas forfurther investigation. For example, the related questions of uniqueness and entropysatisfa
tion have not been dis
ussed at all. These are important issues for 
onservationlaws, sin
e the presen
e of dis
ontinuities requires the satisfa
tion of entropy 
ondi-tions to ensure that the 
orre
t, physi
ally relevant solution is singled out. In [19℄,the author derived geometri
 entropy 
onditions for the limit of the s
heme for the
ase of a 
on
ave 
ux. Carrying out that program for the present situation appearsfeasible, but is signi�
antly more 
ompli
ated.The value of the algorithm investigated here is its simpli
ity. Given a working
omputer program implementing a simple upwind di�eren
e s
heme for the 
onserva-tion law ut + f(u)x = 0, only minor modi�
ations are required to produ
e a programimplementing the s
heme 1.4 for the signi�
antly harder Cau
hy problem 1.1. The
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e paid for simpli
ity in this 
ase is performan
e on some, but not all, problemswhere a dis
ontinuity in u0 is perfe
tly aligned with a dis
ontinuity in one or both of a,k. The author tested the algorithm on the four numeri
al test 
ases provided in [4℄. Inall 
ases, the results were very similar to those des
ribed in that referen
e. However,for examples 2. and 3. of that paper, the s
heme 1.4 produ
ed persistent overshootswhere the sho
k waves exit from the interval [�1; 1℄, at the lo
ation of a perfe
tlyaligned dis
ontinuity in u0 and a. The overshoot has width of only 1 or 2 mesh points(for a small enough mesh size �), but �xed (with respe
t to �) amplitude at steadystate. These overshoots are a
tually part of the steady solution for the s
heme 1.4,as was veri�ed by 
he
king that the 
ux approximations hj+ 12 � aj+ 12 (
orrespondingto the quantity referred to as the diagnosti
 variable in [4℄) 
onverged to zero. Thes
heme des
ribed in [4℄ was able to resolve these interfa
es without overshoot. Theauthor has also observed small, spurious traveling waves generated by some Riemannproblems for the s
heme des
ribed in [19℄, whi
h is a spe
ial 
ase of the one des
ribedhere. As expe
ted, the waves approa
h zero as the mesh size shrinks, in agreementwith the 
onvergen
e theory developed here, but their presen
e is distra
ting. It isnot 
lear why these spurious numeri
al artifa
ts are present in some 
ases, and notothers. It is 
lear that there are situations where algorithms whi
h use solutions tothe full (jumps in u, k, a) Riemann problem are worth the extra 
omplexity.In an e�ort to devise an algorithm that has aligned dis
retizations, but doesnot require a solution for the full Riemann problem, the author has performed someexperiments with the 
ux12(Fj + Fj+1)� 12�kj+1 Z Uj+1u� jf 0(w)jdw � kj Z Uju� jf 0(w)jdw�:Here Fj = kjf(Uj) � aj and u� 2 [w; v℄. This 
ux is monotone, and the resultingalgorithm seems to have all of the analyti
al and 
omputational qualities (good andbad) of the staggered mesh version. Although this s
heme does not provide a remedyfor the overshoots and spurious traveling waves des
ribed above, it is worth mentioningsin
e there may be situations where staggering the meshes is in
onvenient.The nondegenera
y assumption (�nitely many 
riti
al points) rules out any 
uxthat is 
onstant over an interval, a seemingly important 
ase. In this situation, 	would fail to be monotone, and so it would not be possible to re
over the 
onservedquantity u from the limit fun
tion z. The question here is whether there is a realproblem with 
onvergen
e, or just a limitation of the analyti
al tool.This paper only addressed the EO version of the s
heme. A 
onvergen
e prooffor the Godunov version would also be of interest. Sin
e the proof of 
onvergen
e forthe EO version exploited the 
lose relationship between the EO 
ux and the singularmapping 	, it may be that a di�erent form of 	 will be required.The 
onvergen
e proofs in both [19℄ and the present work depended on mono-toni
ity. This property is well known to imply that the s
heme is limited to �rstorder a

ura
y. Some numeri
al experiments (with a 
on
ave 
ux and no sour
eterms) indi
ate that se
ond order s
hemes, 
onstru
ted by applying 
ux 
orre
tionsand minmod-type limiters to the s
heme 1.4, give very satisfa
tory results. Due tothe essential way that monotoni
ity was used, it seems unlikely that it will be possibleto develop a 
onvergen
e theory for su
h s
hemes using the approa
h of this paperand the previous one.The 
onditions 1., 2., and 3. of Proposition 2.1, whi
h were used to guaranteeboundedness of the 
omputed approximations, are by no means a 
omplete treatment
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t. For example, there may be less restri
tive 
onditions whi
h allow forsolutions whi
h grow beyond any �xed bounds as t! +1:One more potential avenue of investigation is the 
ase where the parameters aand k are allowed to be time dependent as well as spatially dependent, with bothspatial and temporal dis
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